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Abstract

Understanding the stability and long-time behav-
ior of generative models is a fundamental prob-
lem in modern machine learning. This paper pro-
vides quantitative bounds on the sampling error
of score-based generative models by leveraging
stability and forgetting properties of the Markov
chain associated with the reverse-time dynamics.
Under weak assumptions, we provide the two
structural properties to ensure the propagation of
initialization and discretization errors of the back-
ward process: a Lyapunov drift condition and a
Doeblin-type minorization condition. A practi-
cal consequence is quantitative stability of the
sampling procedure, as the reverse diffusion dy-
namics induces a contraction mechanism along
the sampling trajectory. Our results clarify the
role of stochastic dynamics in score-based models
and provide a principled framework for analyzing
propagation of errors in such approaches.

1. Introduction

Score-based generative models have recently emerged as a
unifying framework for high-dimensional generative model-
ing, with remarkable empirical success across a wide range
of practical problems. They are rooted in the framework
of denoising diffusion probabilistic models (DDPMs) (see,
e.g., Ho et al., 2020; Song et al., 2021; 2022), and of score-
matching techniques introduced in Hyvirinen & Dayan
(2005); Vincent (2011). These models can be interpreted
as defining stochastic samplers whose associated Markov
semigroups are designed to transform a simple reference
distribution into a complex target distribution through a se-
quence of score-driven updates. This viewpoint naturally
raises fundamental questions regarding the stability and
convergence of the resulting sampling procedures.

Theoretical analysis of score-based generative models has
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been explored, in particular in Wasserstein distances, with
non-asymptotic bounds highlighting initialization and dis-
cretization errors, along with score matching training errors.
Following first guarantees in Wasserstein distances, such
as (Chen et al., 2022), most recent works use strong as-
sumptions of the target distributions, such as log-concavity
(Bruno & Sabanis, 2025; Strasman et al., 2025a; Yu & Yu,
2025), bounded support (Beyler & Bach, 2025) or regular-
ity conditions on the score function (Tang & Zhao, 2024,
Gao et al., 2025a). Some recent works have moved beyond
the traditional constraints of log-concavity in data distri-
butions and regularity assumptions for the score function
and proposed relaxed convexity assumptions (Gentiloni-
Silveri & Ocello, 2025; Strasman et al., 2025b). In the
most recent results, the data distribution is modeled as a
perturbed strongly log-concave law and use one-sided Lips-
chitz conditions which ensure that the taget distribution has
sub-Gaussian tails, and consequently, all its polynomial mo-
ments are finite, (Brigati & Pedrotti, 2025; Stéphanovitch,
2025).

Contributions. These works do not leverage the forget-
ting properties of Markov chains to characterize how ini-
tialization, score-approximation, and discretization errors
propagate along the sampling trajectory. In this paper, we
propose an analysis grounded in the Harris stability frame-
work for Markov processes (Hairer & Mattingly, 2008),
which provides quantitative, exponential decay of the de-
pendence on the initial condition. We show that the back-
ward Markov chain satisfies a Lyapunov drift condition
and a localized minorization condition. Following (Hairer
& Mattingly, 2008), these properties yield contraction of
the associated Markov semigroup in a Wasserstein-type
sense. A key in our work is a dissipativity condition on the
score function outside a compact set. Notably, this holds
without early stopping, and yields explicit constants that
quantitatively transfer structural assumptions on the data
score to the diffusion flow. Such dissipativity conditions
are standard in the sampling and optimization literature and
have been used extensively to establish stability and con-
vergence of Langevin-type dynamics (Meyn & Tweedie,
2009; Locherbach, 2015). Importantly, this requirement is
weaker than the usual assumptions on the target distribution
that underpins much of the existing theoretical analysis of
diffusion-based samplers (Meyn & Tweedie, 1993; 2012).
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Moreover, our assumptions do not impose global Lipschitz
continuity of the score function, nor any form of one-sided
Lipschitz regularity. They allow for polynomial growth of
the Jacobian of the score, thereby accommodating target
distributions with polynomially super-Gaussian tails. As
a result, the proposed framework covers nonconvex and
multimodal target distributions.

2. Background
2.1. Notations

We denote by I; the d x d identity matrix, by f the derivative
of a function f, and by P,(R) the set of probability dis-
tributions x on R? such that E,, [[|X||”] < oc. For a vector

v € R?, we write v®2 := voT. We write X £ Y when the
random variables X and Y have the same distribution. We
denote by C* (R%; R%) the space of k-times continuously
differentiable functions from R% to R%. When d; = 1,
we simplify the notation to C* (Rdo). When there is no
ambiguity, |-|| denotes the Euclidean norm on R%, and ||- ||z
denotes the Frobenius norm for matrices.

Score-based generative models. Score-based generative
models (SGMs) have emerged as a flexible framework for
sampling from high-dimensional probability distributions
using diffusion processes and a time-reversal argument to
bridge the data distribution mg.ca € P(R?) to a Gaus-
sian distribution 7o, € P(R?). The forward process is
known as the noising process and is solution to the follow-
ing stochastic differential equation (SDE) on a fixed time

horizon ¢ € [0,T]:

dX, = —af Xt + /25,d By, )

where (B¢);c0,77 is a d-dimensional Brownian motion, o >
0 and [0,T] — B; € R is anon-decreasing noise schedule.
For all 0 < t < T, p, denotes the probability density
function of the random vector it. Specific choices of («, 3)
recover either the Variance Exploding (VE) formulation with
o = 0 with 8, = oo400); and aglt = 2f0t Bsds (see, e.g.,
Song & Ermon (2019)) or the Variance Preserving (VP) with
« = 1 (Sohl-Dickstein et al., 2015; Ho et al., 2020). More
broadly, throughout this work we refer to the case o > 0
as Variance Preserving (VP): the forward diffusion (1) is
an Ornstein—Uhlenbeck process with stationary distribution
Too ~ N (0,7 14) (Strasman et al., 2025a).

0 ~ Tdata and

The time-reversal of (1) admits a diffusion representation
(Haussmann & Pardoux, 1986)

L
(it)f,e[o,T] = (zT—t)te[o,T] )

where (yt)te[o,;p] is called the backward process (or
reverse-time process) and is defined as the solution to the

SDE: §0 ~ pr! and

d§t = (a5t§t + 2B, Sr—¢ (it)) dt + 1/23,d B,
(2)

with S7_; (x) := Vlegpr_4+(x) and B; := Br_;. We
denote by (Q¢|s)o<s<t¢<7 the Markov semigroup associated
with the backward diffusion (2), defined for any bounded
measurable function f and x € R? by

Quof0) =E[fX)|X.=x] . ©

Backward process approximations. Sampling from
Tdata amounts to simulating the marginal &T starting from

0 ~ Pr as Tgata = prQr>. In practice, to turn this
identity into a generative model, three approximations are
required, which we now describe.

1. Mixing time error. The distribution pr is given by
a Gaussian convolution of m4,t, and is therefore typ-
ically intractable (see Lemma C.1). It is usually re-
placed by a simple reference distribution 7. In the

VE case, we usually take 7o, = N (0, U%lold), while
in the VP case we take the stationary distribution of (1)
Too =N (0,a7'1,). This approximation is indepen-
dent of 7wyt and induces an initialization bias.

2. Score approximation. The drift term of (2) involves
the data-dependent score function S; (x), which is, gen-
erally intractable. It is approximated using a neural

network sg : (0,7] x R? ~— R? parameterized by
0 € O, and trained to minimize the conditional score
matching loss (Vincent, 2011):
2
ik

L) =E [Hsa (27,7) — Vlogp-o (§T|io)
where 7 is uniformly distributed over (0, 7] and inde-
pendent of ?0, and ir ~ Prlo (|§0)

3. Discretization error. The transition kernels Qs of
the backward diffusion do not admit closed-form ex-
pressions in general and must be approximated nu-
merically. Since (2) is time-inhomogeneous through
the scalar schedule u > Bu, we discretize it using a
time-changed Euler—-Maruyama scheme with step sizes
Ay = tt:“ [, du. This choice exactly integrates the
noise schedule so that the scheme matches exactly the

covariance of the Brownian increment over each step.

Combining the three approximations above yields a discrete-

time Markov chain (X!, )o<x<n over a finite discretization

'With abuse of notation we identify probability distribution
with their density with respect to the Lebesgue measure.
With abuse of notation we refer, for any ¢ > 0 to Q; as Qtjo-



On Forgetting and Stability of Score-based Generative models

grid Ty = (to,--- ,tn), for N € N*, defined by X! ~
Teo and for k = 0,..., N — 1, by the recursion
x?

tet+1

= X, + A (aX, + 250 (X0, T~ 1) )
+ V2058, (@)

where (1) >0 is an i.i.d. sequence of standard Gaussian ran-
dom vectors in RY. Foreach k € {0, ..., N —1}, we denote
by Qle ™ the one-step Markov kernel of the discrete-time
scheme (4), defined for any bounded measurable function f
and x € R4, by

Q,,p F) =B [(X,,)

X{, =x| .

Generation error analysis. Fix a discretization grid
Tn = (to,...,tn) of [0,T] and for integers 0 < k <
¢ < N, define the composed SGM kernel as QZ: ¢, by

/—1
QL f(x) == / F0e) TT Qo (i 1)
r=k

with x;, := x € R? and f a bounded measurable function.
We denote the resulting generated distribution of the SGM
at time ¢,

= oo QO )

and keep the dependency on 7 implicit. Our goal is then to
compare the target distribution 7., With the distribution
74, produced by the SGM.

3. Forgetting of the backward process

Harris-type stability and weighted total variation dis-
tance. Our analysis relies on a classical stability frame-
work for Markov processes known as Harris theory. At a
high level, Harris-type results establish quantitative expo-
nential forgetting of the initial condition by combining two
ingredients: (i) a Lyapunov drift condition ensuring that
the dynamics is pulled back toward a central region of the
state space, and (ii) a localized minorization (Doeblin-type)
condition ensuring a uniform mixing component when the
process visits that region. Together, these two properties
yield contraction of the Markov semigroup in a sense that
we make precise below.

To quantify the forgetting property, we work with the
weighted total variation distance py(-,-) defined, for
pu, p2 € P(RY), by

po(pi1, p) = /Rd (L4 bVa(x))|pa — p2|(dx)  (6)

where Va(x) := ||x]|%, b > 0, and |1 — po| denotes the
total variation measure of the signed measure p; — po.

This metric is standard in Harris-type theorems for un-
bounded state spaces (Hairer & Mattingly, 2008). Moreover,
any contraction estimate proved in py (-, ) yields quantita-
tive guarantees in both total variation and Wasserstein dis-
tance. In particular, for any 111, po € Po(R?), we have (see
Lemma B.3)

1
1 — pollpy < iﬂb(ﬂhﬂz) ,

and )
Wi (1, p2) < gpb(uhuz) :

Assumptions on the data distribution. To establish for-
getting of the backward Markov chain (2), we require mild
assumptions on the data. The data distribution 7,4, admits
a density py € C? (R?) with respect to the Lebesgue mea-
sure. Moreover, pg satisfies the following regularity and
Lyapunov-type conditions.

Assumption 3.1. There exist constants 7y > «/2, kg > 0,
Co > 0, and p > 1 such that the following assumptions
hold:

(I) Forall x € RY,
(So (%), x) < =0 |Ix||” + %0 -

(IT) For all x € RY,

IV S0 (3)[g < Co (14 [Ix]”) -

Assumption 3.1 imposed on the initial distribution play a
crucial role in the proof of the main theorem. In particu-
lar, Assumption 3.1 (I) ensures that the target distribution
Tdata €Xhibits sub-Gaussian tail behavior (Lemma A.1),
which in turn guarantees sufficient integrability and mo-
ment bounds. Note that the condition vy > «/2 is not
restrictive in practice as it simply amounts to calibrating the
stationary distribution of Equation (1). Moreover, Assump-
tion 3.1 (II) provides a control on the growth of the score
function Sy (z) = Vlogpo(z) as well as on the quantity
V So () 4 So ()®?, which plays a central role in the con-
trol of the Froebenius norm of the score function for any
t € [0, T] (Corollary D.5).

Comparison with recent literature. Assumption 3.1 (I)
requires a coercive behavior of the score function Sy (x)
outside a compact set. This assumption is commonly re-
ferred to as a dissipativity condition and is standard in the
sampling and optimization literature (see, e.g., Eberle, 2016;
Raginsky et al., 2017; Zhang et al., 2017; Erdogdu & Hos-
seinzadeh, 2021; Erdogdu et al., 2022; Vacher et al., 2025).
It relaxes global strong convexity of the potential function
x +— —log po(z) (Durmus & Moulines, 2017; Dalalyan &
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Karagulyan, 2019; Strasman et al., 2025a) therefore cover
highly nonconvex and multimodal distributions, which fall
outside the scope of works relying on global convexity of the
potential. In particular, this includes mixtures of Gaussian
distributions, which are shown to satisfy this condition in
Section A of Gentiloni-Silveri & Ocello (2025) and Section
3.2 of Vacher et al. (2025), covering a broad and practically
relevant class of target distributions.

Moreover, our assumptions do not require global Lips-
chitz continuity of the score, nor any one-sided Lipschitz
condition; instead, Assumption 3.1 (II) allows for polyno-
mial growth of the Jacobian V Sy (x). Consequently, our
framework accommodates targets with polynomially super-
Gaussian tails (e.g., p(x) x exp(—||=||P) with p > 2), for
which ||V Sy (x) || typically diverges as ||x|| — oco. These
targets that encode strong confinement in some regions of
the space are excluded from analyses that impose (one-
sided) Lipschitz-type regularity of the score or, equivalently,
uniform bounds on V2 (—log p), as in Chen et al. (2023a;b);
Strasman et al. (2025a); Gentiloni-Silveri & Ocello (2025);
Gao et al. (2025b). Targets with super-Gaussian tails can
be interpreted as enforcing a strong form of regularization:
although their support is the whole space, the rapid decay of
the density concentrates almost all mass inside a bounded
region, effectively mimicking compact support while pre-
serving smoothness.

Lyapunov drift for the backward chain. We prove
the first property of Harris-type stability results, the Lya-
punov drift inequality for the backward Markov semigroup
(Q¢|s)o<s<t<T. Such an estimate prevents trajectories from
drifting to infinity by ensuring a quadratic pull toward the
center of the state space. A key technical step is to show
that the dissipativity of the data score at initial time propa-
gates along the forward diffusion. Under Assumption 3.1 (I),
there exist positive continuous functions ¢ — v; and ¢ — Ky
such that, for all t € [0, T] and x € R,

(St (%), %) < = |Ix|1> + ke - )

We refer to Proposition D.1 for the precise statement and
explicit constants. Combining (7) with the infinitesimal gen-
erator of (2) and Dynkin’s formula (followed by Gronwall’s
inequality) yields the following Lyapunov drift inequality.

Proposition 3.2. Suppose that Assumption 3.1 holds and
let V(x) := ||x||* for £ > 2. Then, there exist continuous
functions 7. ¢, K. ¢ : [0,T] — Ry such that, forall 0 < s <
t <Tandall x € RY,

O viex) + K

t|s tls?

Qt\s VE(X) < A

where /\Efs) ‘= exp <— f; oy, dv) and KEIZS) =
f; exp (— fi oy, dv) Ro,e du.

In particular, for { = 2,
’%,2 = 2Bt (27T—t - Oé) and E:t72 =2 Bt (QHT_t + d) .
Proof. The proof is deferred to Appendix D.2. O

In the sequel, Harris-type contraction is stated with the
quadratic Lyapunov function V(x) = ||z||*; we neverthe-
less prove the more general /-moment drift bound since it is
useful for moment and integrability estimates.

Minorization for the backward chain. In addition to the
Lyapunov drift condition, a second key property in Harris-
type arguments is a minorization property, which ensures
sufficient mixing of the backward dynamics. In unbounded
state-spaces such as R, a global Doeblin condition is gener-
ally too strong, so one instead localizes it to an appropriate
“small” or “petite” set (Meyn & Tweedie, 2009; Locherbach,
2015). We establish a localized Doeblin condition in Propo-
sition 3.3. This guarantees that, on an appropriate subset,
Q¢ dominates a state-independent measure and hence can
forget its initial condition.

Proposition 3.3. Let 0 < s <t < T and suppose Assump-
tion 3.1 (I) holds. Fix r > O and define the set

C,:=B,.(0) = {x e RY: Vy(x) <r?}.

Then, there exist a probability measure v, on R? and a
constant 5;:) = €ys exp(fr2/0%_5|T_t) € (0,1) such

that, for allx € C, and all A € B(Rd),

Qua(x,4) > &) vy, (A) - (8)

Proof. The proof is deferred to Appendix E, where we also
provide explicit constants. O

Forgetting via Harris contraction. The drift and mi-
norization conditions above imply a quantitative forgetting
property of the backward dynamics in the weighted total
variation metric (6). Although Harris-type theorems are
typically stated for time-homogeneous Markov kernels, we
use them here in a local-in-time form: for each interval [s, t],
the transition kernel Q| satisfies a one-step contraction.

Proposition 3.4. Fix 0 < s < t < T and suppose that
Assumption 3.1 holds. Set

oK@
2 2 _ tls
e >l = @
1-— /\t|s
where K§|22 and /\E‘zé) are defined in Proposition 3.2. Then,

there exist oy € (0,1) and b}, > 0 such that for any
probability measures (1, j12 on RY,

por, (11 Qupss 12Quls) < Qepspor, (1, p2) -
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Proof. Under Assumption 3.1 Q| satisfies the drift and mi-
norization properties of Proposition 3.2 and Proposition 3.3
which are Assumption 1 and 2 of Hairer & Mattingly (2008)
adapted to time-inhomogenous Markov transition kernels.
The conclusion is then an application of Theorem 1.3 of
Hairer & Mattingly (2008). O

Proposition 3.4 establishes the contraction of the backward
kernel for a range of metrics with different contraction rates.
The choice of ideal metric is directly linked with the choice
of r. Note that following Hairer & Mattingly (2008), for
any o € (0,@s) and o € ()\ifs) + 2K£|28)/7“27 1), we can
choose

bee = aO/K(z)

tls 7

2+ 7207 mo
_ o (r) s,t
Ytls = [1 N (Et\s N 0‘0)} N,
where ") is defined in Proposition 3.3. The explicit deriva-

tls
tion of 72 and 55/;2 is given in Appendix F for the variance

preserving and variance exploding cases.

Explicit Gaussian contraction. When Tqaa = N (1, 2)
the reverse-time SDE (2) has an explicit linear drift and ad-
mits closed-form transition kernels (Lemma G.3 and Corol-
lary G.4). This allows to derive explicit contraction rates
in the Euclidean norm, and can be used to get sharp esti-
mates in the 2-Wasserstein distance (Lemma G.6). Note
that up to a multiplicative constant, the 2-Wasserstein dis-
tance is controlled by p; (Lemma B.3). In particular, for
any 0 < s <t < T,forall x,x" € RY,

WQ (6th\s; 5x’Qt|s)

< [l Pty mrt [l - %1

with ¥J; defined in Lemma G.1. In Lemma G.5, we show
that in the VE case (o = 0) the contracting factor is always
smaller than 1 and in the VP case (a > 0) the same strict
contraction holds whenever Ap.x(X)~! > a, a condition
reminiscent of 7o > «/2 in Assumption 3.1 (I). Note that a
similar condition was identified in Strasman et al. (2025a).

4. Stability of SGMs generation

Consider a subdivision Ty = {to,...,tn}. In Appendix F

we provide the explicit computations of Kgfll e )\gll It
and £ forall 0 < k < N — 1. Therefore, following

Lt

Hairer & Mattingly (2008), we may derive b7, ; . and
Qpyirftns 0 < k < N — 1. Since these constants exist for
all 0 < k < N — 1, there exist &, € (0,1) and b, > 0
such that Proposition 3.4 holds uniformly. This allows to
establish Theorem 4.3 which uses the uniform geometrically

decaying forgetting property to upperbound the sampling
error of SGMs. We precede this result by some assumptions
and notations.

Assumptions on the generative model. The previous sec-
tion establishes a quantitative forgetting property for the
backward process (2). We now leverage this contraction to
control the generation error, i.e., to bound p (Tqata, 7).
with 7ty the distribution of the generative model defined
in (5). Since py(-, -) weights total variation by 1 + bVs(+)
with V() = ||z||?, bounding the generation error requires
a control of polynomial moments for the approximated dis-
cretized chain (4).

Assumption 4.1. Let (ka)og k<N be defined by (4). As-
sume that

sup B [Vapra(XP)] < o0 ©)
0<k<N

Remark 4.2. Assumption 4.1 is mild on a fixed grid. Since
Xfo ~ T 18 Gaussian, it suffices that the learned score has
at most polynomial growth along the grid, i.e., there exist
Ly > 0andr > 1suchthatforall k € {0,..., N — 1} and
all x € R,

lIso (3, T — tie)[| < Lo (1 + [x]") -

Under this condition, (9) holds for any p (see Lemma A.4).
In particular, the above growth bound is satisfied if
sg (-, T — tx) is Lipschitz uniformly in k, which is the case
for most standard neural architectures.

Stability of SGMs. The forgetting property proved in the
previous section can be leverage to analyse the stability of
SGMs sampling. Our main stability result follows from
a simple principle: forgetting converts local errors into a
telescoping, geometrically weighted sum, as proved in Theo-
rem4.3. Forall 1 < k < N, define the score approximation
term by

[N

HngLQ('frZ) =E |:HST*tk (ka) —Se (X?mT - tk) Hz}

Theorem 4.3. Suppose Assumption 3.1 and Assumption 4.1
hold. Let Aj, = ﬁtk"“ By du. Then, there existb > 0, a

contraction factor & € (0,1), a constant C™>* > 0, and
nonnegative coefficients {CI YN L {Cnet YN such
that the SGM output #° satisfies

Pb (ﬂ(lataa 7}]6\[) S O_[NA(T)CmiX

N
+ 3@V (A + VA lln )
k=1
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The regime factor A(T) is given by

31, ([ 50)

in the variance exploding case and by

T
A(T) := KL (Taata]| o) /? exp <—a/ Bsds>
0
in the variance preserving case.

Proof. Throughout the proof, the time grid is fixed and we
adopt the shorthand notation t;, = k whenever no ambiguity
arises (e.g. Q¢ stands for Qy, |, ).

We first decompose the global error into an initialization
component and a cumulative approximation component:

Pb(Tdatas Tar) = po(PTQT, Too Q. )
S pb(pTQTvﬂ-OOQT) + pb(ﬂ-OOQT77rOOQ8:N)

Step 1: Initialization error. By applying Proposition 3.4
iteratively across the NV transitions of the discretization grid,
there exist b > 0 and & € (0, 1), such that

po(p7Qr, T Qr) < & pp(Pr, Too) -

The quantity py(pr, Too) measures the degree of mixing
achieved by the forward diffusion (1) at time 7'. It is con-
trolled explicitly using a weighted version of Pinsker’s in-
equality (Proposition H.2), combined with an explicit es-
timate of the Kullback—Leibler decay KL (pr||7 ) estab-
lished in Lemma H.1. Together, these results yield

oy (PrQr, T Q) < &NV A(T)C™,

with C™ defined in Proposition H.2.

Step 2: Discretization and approximation errors. We now
control the second error term using a telescoping argument
along the grid to make appear one step kernel error, e.g.
the discrepency between QZ‘ w1 and Qg p—1. Using the
notation frz as defined in (5), for each k € {1,...,N}
define the intermediate measures:
.— 20 s 20 0
Mk = g1 Qrl—1 Qrin s T = M1 Qppp—1 QN

so that n; = m,Qx and Ny = Wng:N. We have,

N
Pb(Toc QN T QO.n) < b (11ks 7ik)
k=1

Using again the forgetting property applied to the tail kernel
yields Qg|n»

Po (WOOQN; 7700@8;]\7)
N
< Z@kapb (ﬁz—le\k—l,ﬁZ—leW—l) ~
k=1
Moreover, by definition of p, any & € {1,...,N} and
x € R? (Lemma B.2),

Pb(ﬁ'271Qk\k717ﬁzlezUcfl)
< /Pb (5ka|;€71,6in“€,1) 1 (dx) .

The remaining task is a Dirac one-step estimate control in pp.
This control is provided by Proposition H.3, whose proof
relies on a local Girsanov argument (Lemma H.5 and Corol-
lary H.6). Consequently, foreach k € {1,..., N},

~0 N 0
pb(”kletkltkA’kathHtk 1)
<A Cdlscr_’_\/icnet Hgk71||L2(%z71) )

with O35 and C2¢!, defined in Corollary H.4. Injecting
this estimate into the discounted telescoping bound com-
pletes the argument. O

Theorem 4.3 establishes a quantitative stability result for
SGMs, showing that the reverse diffusion dynamics in-
duces an intrinsic contraction mechanism along the sam-
pling trajectory. The first term, decaying as a” cap-
tures the initialization error. The second term accounts
for time-discretization error and scales linearly with the
local step size Ay while the third term quantifies the
propagation of score approximation errors and scales as
VAL €| La(zo_ - Crucially, both contributions are ge-

ometrically dlscounted by the factor &’ ~* showing that
errors incurred early in the trajectory have a vanishing
influence on the final distribution and reveals an intrin-
sic robustness mechanism of SGMs. In particular, for a
uniform discretization grid (for any k£ € {1,...,N} let
A = (ty — tx—1)Pr), the accumulated error admits, in the
VP case, the form

Py (Tdatar 7o) S aNe T + g Sup e

1-—

\F

SUPHgk 1HL2(7rk D

Moreover, the stability bound is stated in the weighted total
variation distance which directly controls other probability
distance. Indeed, by Lemma B.3, controls the total variation
distance and the 2-Wasserstein distance (up to a multiplica-
tive factors). Consequently, Theorem 4.3 immediately yields
the same decomposition and order in those metrics.
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5. Numerical illustrations

We propose experiments in controlled settings to illustrate
the theoretical forgetting and stability mechanisms of Sec-
tion 3 and Section 4. We therefore focus on distributions
for which Assumption 3.1 can be verified and for which the
mechanisms predicted by the theory can be meaningfully
interpreted and compared to the empirical behavior.

Concretely, we consider both Gaussian targets with several
covariance structures (isotropic, ill-conditioned diagonal,
and correlated) and Gaussian mixture models, which are
nonconvex and multimodal yet satisfy dissipativity. In the
main text we present results for a Gaussian mixture model
in the Variance-Exploding (VE) setting; additional results
for all Gaussian targets in both VE and VP, together with
full experimental details, are provided in Appendix L.

All experiments use dimension d = 50. For the GMM,
we place the 25 component means on a 5 X 5 grid in the
first two coordinates (details in Appendix I); this enables
direct 2D visualization by projecting samples onto these
coordinates. For the scheduling, we used the scheduler
from Karras et al. (2022b, Equation 5) with N = 100,
Omin = 0.002, 0ax = 80 and p = 3. All the calculations
have been replicated 20 times using different seeds and
the reported results consist of the mean and the standard
deviations of those 20 replicates.

Sensitivity to initialization. A central prediction of our
analysis is that the reverse-time dynamics forgets early per-
turbations: errors introduced earlier along the reverse tra-
jectory should have a weaker impact on the final sample
than errors introduced later. To study this mechanism, we
consider an experiment that injects a calibrated bias at an
intermediate diffusion time tpias € [0, 7] and measures its
effect after completing the reverse sampling up the final
time T'. We fix tpias € (0, T] and compare the ideal reverse
transition from time ty,,5 to 7', represented by the Markov
kernel Q7 ,..» with its discretized implementation QT”MS
(Euler—-Maruyama with fixed step size). The goal here is
to assess whether the discretized reverse chain exhibits ro-
bustness to perturbations. In principle, one would like to
quantify the effect of the perturbation by measuring the dis-
crepancy between the target law and the biased, discretized
output:

W2 (ptbmsQT\tbiasvﬁtbias QT\tbias) =
W2 (Wdata7ﬁtb;a5 QT|tb;as) ’

with p the biased distribution. However, on Gaussian mix-
ture targets the quantity above is not available in closed
form. We therefore replace W, by the Maximum sliced
Wasserstein distance Max SW (Kolouri et al., 2019, Sec-
tion 4.3), which is both tractable from samples and provides
a meaningful proxy for W, distance. To define a worst-case

perturbation direction, we first estimate a maximizing di-
rection umax € S ! associated with Max SW using two
independent batches of samples from m4,¢, (see Appendix

1.2 for details). We then construct the biased initialization at

time tpias by shifting forward samples xij]d ~ Dty along

uIIlaX .

(@) _ (® 2
thia57>\ - thias + Utbias‘o)\umax

(10)

where oy, |0 is the forward variance at time fpias (Se€

Lemma C.1) and A is the perturbation magnitude. Starting
from {xiz)ias’ J M, we run the discretized reverse dynamics
to time 7" and report the resulting Max SW discrepancy
between the generated samples and 7q,¢, as a function of
thias and A (see Figure 3). We also visualize the effect of
the perturbation directly in state space by plotting a two-
dimensional projection of the GMM samples (data vs. per-
turbed outputs) in Figure 1. We observe that perturbations
injected at small £}, have the largest impact, while pertur-
bations injected at larger tp;,5 are strongly attenuated, in line
with the predicted forgetting behavior. A similar qualitative
behaviour is observed for Gaussian targets (Figure 5).

201 Bias magnitude A
— 1

151 10
— 20

— 50

10 20 30 40 50 60 70
Forward noise level o;

Figure 3. Max SW as a function of the noise level and A in the case
of initialization perturbation. We use the forward-time convention
(t = 0 is the data distribution).

Local score approximation error. A key qualitative pre-
diction of our stability theory is that local errors are dis-
counted when they occur early along the reverse trajectory.

25 Bias magnitude A
— 1
20 10
z . — 20
x
x — 50
= 10
5_
O_

0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00
Forward noise level o;

Figure 4. Max SW as a function of the noise level and perturbation
magnitude X for the score-perturbation experiment. We use the
forward-time convention (¢ = 0 is the data distribution).
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(01, A) = (70.95, 20.00) (01,A) = (23.70, 20.00)

(0, A) = (11.22, 20.00)

(0t,A) = (5.99, 20.00) (0+,A) = (1.65, 20.00)

Figure 1. Initialization bias in the GMM case for several noise levels o and with A = 20. Red points are samples from 7m4at. and blue

points the output of the biased initialization experiment.

(0r,A) = (1.65, 50.00) (0r,A) = (0.92, 50.00)

(0r,A) = (0.44, 50.00)

(or,A) =(0.17, 50.00) (or,A) = (0.04, 50.00)

Figure 2. Local perturbation of the score in the GMM case for several noise levels o; and with A = 50. Red points are samples from

Tdata and blue points the output of the perturbed score experiment.

To probe this local-to-global propagation mechanism, we
run the reverse-time sampler over the full horizon [0, T'] and
introduce a single controlled score perturbation at one dis-
cretization step. Specifically, consider the Euler-Maruyama
reverse sampler on a grid (¢,,))_,. For a chosen error index
Nerr, We modify the score only at that step:

N A
Ster (X) = St (X) + —5—
Tt erel0

uIIlEIX )

with umax defined as in (10). The perturbation is chosen so
that it produces a merely comparable score approximation
disturbance across times by accounting for the forward vari-
ance terms. Results are reported in Figure 4 and in Figure 2.
They support the idea that errors introduced early along the
reverse trajectory are geometrically discounted. Moreover,
the Gaussian targets exhibit similar trends (Figure 6)

6. Discussion

A widely used heuristic in SGMs is that accuracy near the
end of the reverse trajectory matters most. This is also
reflected in practice: many implementations rely on adaptive
time discretizations that allocate finer step sizes close to the
data distribution, i.e., near small noise levels (Karras et al.,
2022a).

Our results provide a theoretical framework to understand
this phenomenon. Under a dissipativity condition on the
data score at time 0 and mild polynomial growth control
on its Jacobian, we show that the reverse-time diffusion
satisfies a Harris-type stability property. In particular, the
Markov semigroup of the backward process contracts a

weighted total variation distance p,. This property is essen-
tial to understand the robustness of SGMs. At each step,
local perturbations (initialization mismatch, discretization,
or score approximation error) propagate with a geometric
discount factor. As a consequence, errors incurred early
along the reverse trajectory have a vanishing influence on
the final distribution: the reverse diffusion sampling process
forgets. This perspective connects SGMs with classical sta-
bility tools for Markov processes and provides a principled
lens to analyze how noise schedules, numerical integrators,
and score errors evolve along the sampling trajectory.

Limitations and perspectives. A key limitation is that
our minorization argument is localized on a small set. While
this yields explicit constants, they can be conservative. In
particular, enforcing a single uniform pair (b, @) over an
entire refined grid can lead to pessimistic global bounds.
Our framework naturally accommodates time-dependent
metrics but optimizing these choices along the trajectory
to obtain sharper constants is technically challenging and
remains an open direction.

Moreover, in this work, we focus on the quadratic Lyapunov
function V() = ||z||? but other choices could have been
explored. This choice allows for an explicit lower bound
on the backward kernel, although alternative choices could
be investigated to obtain a tighter minorization properties
and therefore sharper sampling error bounds. The choice of
the Lyapunov function has an impact on the constants in the
proposed upper bounds, and investigating the link between
these constants and hyperparameter tuning remains an open
question for future research.
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Impact Statement

This paper presents work whose goal is to advance the field
of machine learning. There are many potential societal
consequences of our work, none of which we feel must be
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A. Discussion on the assumptions

This section collects useful results derived from Assumption 3.1 and Assumption 4.1 that are discussed in the main paper.

A.1. Regarding the data distribution and its associated score function.

Assumption 3.1 (I) is a dissipativity condition on the data score function Sy (-); in particular, 7q,¢, has sub-Gaussian
tails and finite moments of all orders (Lemma A.1). Assumption 3.1 (II) controls the Jacobian of the score and implies a
polynomial growth bound on the score itself (Lemma A.2).

Lemma A.1. Suppose that Assumption 3.1 (I) holds. Then, the data distribution gt admits exponential moments of order
Afor A < /2, ie.,

E,, . {exp (AHX||2)] < 0. (11)

This implies that Tqasa has sub-Gaussian tails.

Proof. Fix A < 79/2. Let U(z) = —log pg (). Consider the following second-order Taylor expansion:
V) = U(0) + (VU(0),%) + 5 (x, VU ly)x)
for some y € {tx : t € [0,1]}. From Assumption 3.1 (I), we have that
(So (%), %) < =70 lIx||* + o
Fix A such that A < \ < 70 /2. The previous inequality implies that there exists R5 > 0 such that
—(VU(x),x) < -2\ |x|*,  forx ¢ Bg,(0),.
By Lemma 2.2 in Bouchut et al. (2005), the above inequality implies that
—V2U(x) < =221, forx ¢ Br, (0).

Therefore,

/ Al (X)dxz/ oAl (X)dx+/ A2~ U0 g
R Br; (0) RIABR (0)

< / eI by (x) dx + / AIXI ¢~V O ~(TUO)X) -3 g < 0o,
BR;\ (0) ]Rd\BR/—\ (0)

which concludes the proof. O

Lemma A.2. Suppose that Assumption 3.1 (1I) holds. Then, there exists C5 € R such that

IS0 ()| < Co(L+ 171, (12)
where Cs = max {\/ECO, IS0 (0)||}
Proof. We have that
IS0 (x) — S0 (0)]| < /01 IV S (tx) x|| dt < VdCy /01(1 + 17 |x|PTde . (13)
O
Corollary A.3. Suppose that Assumption 3.1 (II) holds. Then, there exists I'j € Ry such that
V80 0 4+ 80 02| <15 (14 Ix°V) - (14)
Proof. 1t is enough to note that
[ 780 () + 80 (02| < 1980 (o)l + |80 ()| (15)
and ||So (x)7%|| = 1180 () =

12
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A.2. Regarding the score approximation and the numerical scheme

We identify a minimal growth condition on the learned score approximation sy that guarantees the Euler—type scheme
defined in (4) admits finite moments at all discretization times (Lemma A.4). This ensures all quantities appearing in the
latter error decomposition are well-defined.

Lemma A.4. Let (ka Jo<k<n be defined by (4) and recall that Xfo ~ Tso IS Gaussian. Assume that there exist constants
Ly >0andr > 1suchthat forallk € {0,...,N — 1} and all x € R4,

lIso (3,7 = ti)l < Lo (1 + [Ix[|") - (16)

Then, for every q > 1, -
sup EHkaHq<oo.
0<k<N

Proof. Let (§k)r>0 be an i.i.d. sequence of standard Gaussian random vectors in R¢ and write

thkﬂ = XY + Apbp (t5, X{) + V207

with bg(t,x) := ax + 2 sp (x,T — t). By (16) there exists Cy > 0 such that ||by (t,x)|| < Ca(1 + ||x||") for all
ke {0,...,N —1} and x € R% Fix p > 1, we get that there exists Cy, which may change from line to line, such that

P

B [

th+1

X4, ] < Co (X2, + @y [botta, X2 + (An)*E (Il

<Gy (1+ %))

Since Xfo is Gaussian, it has moments of all orders. The previous inequality shows that for an arbitrary p, if E Hka Hpr < 00
_ P _

then E HX?‘“’“ ’ < oco. By induction over k = 0,..., N — 1, we obtain that E Hka Hq < oo. Taking the supremum over

the finite set {0, ..., N} yields the claim. O

Remark A.5. 1If, for each k, the map x — sg (x,T — t3,) is Lipschitz with constant Ly and supy, [|s¢ (0,7 — t1)|| < M,
then
Ise (2, T = ti) || < llso (0,7 = te)l| + Lo |[x[| < M + L || x|,

so (16) holds with = 1.

B. Probability metrics and useful bounds

We collect here the definitions of the probability distances used throughout the paper, together with a few inequalities relating
them. Some results are standard and are included for the sake of clarity. The last subsection is dedicated to properties of py,
which are used to establish the main contraction results.

B.1. Definitions

Weighted total variation distance. For any scale parameter b > 0 and V(x) := ||x||?, define the weighted supremum

norm

il = sup P
x€ERd 1 + ng(X)

The corresponding dual distance on probability measures (Hairer & Mattingly, 2008) is given, for y1, o € P(R?), by

pu(pas fr2) = sup /‘Pd(ﬂl — p2)| - a7
llells<1
This coincides with a weighted total variation distance
po(p1s p2) = /d(l +bVa(x))|p1 — p2l(dx). (18)
R

13
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Total variation distance. The total variation distance between f; and po is defined by

[ )

1
11 — pallpy = 5 Sup
I flleo <1

In particular, if 11 and po admit respectively densities p; and ps with respect to the Lebesgue measure, then

1
I = palay =5 [ 1m0 = pa(oldx, xR,

Kullback-Leibler divergence. The Kullback-Leibler (KL) divergence of 11 with respect to po is defined as

dm
KL = 1 — |d
(i) = [ 1o (2 ) .

if 1 < po and KL (pq||p2) = +o0 otherwise.

Hellinger distance. If ;; and pe admit respectively densities p; and po with respect to the Lebesgue measure, the
Hellinger distance between p1 and s is defined as

H(p, p2) = (;/ (W‘\/M)deym, x € R,

Rd

B.2. Standard inequalities

The Kullback-Leibler divergence and the total variation distance are related by Pinsker’s inequality

I = p2llpy < 4/ 3KL (pa ]l p2) - (19)

For a proof of such inequality see for example Bakry et al. (2014) or Tsybakov (2009, Chapter 2, Distances between
probability measures). The Hellinger distance is upper bounded by the Kullback—Leibler divergence

H(p, pi2)* < 3 KL (pa || p2) - (20)

A proof of such result can be found in Tsybakov (2009, Chapter 2, Distances between probability measures).

B.3. Weighted total variation: properties and bounds

We collect practical inequalities bounding above and below the weighted total variation distance defined in (18) in terms of
other probability metrics. These bounds will be used in the subsequent development.

Lemma B.1. Let j11, j12 € P(R?) be probability measures admitting Lebesgue densities py, ps respectively such that
Vidu, < oo and / V3 dpg < 00.
R4 Rd

Then,

oo, i2) < VA (s i) <\/ / DY) () + \/ / S bv2<x>>2p2<x>dx> .

Proof. Note that
1 — p2| = VP — V2| (VP1 + VP2)
and with w(x) := 1 4+ b Va(x), we have,

i) = [ w060 |V = Vi) (Vin9) + Vi) .

14
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By the Cauchy—-Schwarz inequlity,
o)< ([ (Vo9 - vee9) ax) ([ oo (Virea + vhaea) )
= 1 ) [t (VB0 + V) ax)

1/2

Then,
/d w?(\/p1 + /p2)? d = /prldx—&-/wngdx+2/w21/p1p2dx,
R

so that applying the Cauchy—Schwarz to the last term yields

1/2 1/2
/ wz(\/ngJr\/]Tg)deg/ wzplder/ w2p2dx+2(/ w2p1dm) (/ wngdx>
R4 R4 Rd Rd R4

= <(/le w2p1dx) 2 + (/]R'i w2p2dx) 1/2>2

i1, 12) < VIH (. o) W | w0 (xjax -+ ¢ /. w<x>2p2<x>dx> ,

which concludes the proof.

Therefore,

Lemma B.2. Let yi € P(R?) and let K, K be two Markov kernels on R® such that

[P @) < o0 and [ l® (uf) ) < .
R4 R4

Then,
pb(uKuf() < /Rd pb<6xK7 5xf<) p(dx) .

Proof. Fix ¢ such that ||¢|p < 1,

(1B () = (uE)()| =

[ (@x)0) = )0 )
Rd

< /. (0 K) () — (6K (p) | p(dx) .
For each fixed x, since |||y < 1,

(@) 0) = (B:R)P)] < sup |G} (W) = (BB (0)] = po (5K 8K

Therefore,
(1K) () — (K ()] < / oo (8., 6.K) p(dz).
Rd

Taking the supremum over all ¢ with |||, < 1 as in (17) gives the result.
Lemma B.3. Let puy, pio € P2(RY). Then,

1
1 — p2llpy < ipb(m,uz) ,

and )
Wi (p1, p2) < = ou(p1p2)
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Proof. The first inequality follows directly from 1 < 1 4 b V. For the second, Villani (2009, Theorem 6.15) yields,

W2 (s, pi3) < 2 / 1)1 11 — pia) ()

Rd
and
i pz) = [ (4B — i
R,
2
> [ blxI? o - pafx,

R4

which concludes the proof. O

C. Stability properties under Gaussian perturbations

This section collects stability and regularity facts for the time-marginals of the forward diffusion, viewed as Gaussian

perturbations of the data distribution. The key structural point is that E(it) is obtained from m4,¢, by Gaussian smoothing
(in VE) or by a Gaussian smoothing followed by a deterministic down-scaling (in VP). This representation yields explicit
identities expressing the score S; and its Jacobian V' S; in terms of conditional expectations of Sy and V Sy under the

posterior £(X | X; = x). These formulas are the main tool to transfer growth, integrability, and dissipativity properties
from 7gata to £(X¢), which will be used later to establish contraction estimates in the metric p.
C.1. Gaussian representation

Following the forward SDE (1), the marginal law of the process at any time ¢ admits an explicit Gaussian representation as a
convolution of the initial distribution. This Gaussian convolution structure plays a central role in the analysis, as it allows
us to transfer properties of the initial distribution to the time-marginal laws of the diffusion. We make this representation
precise and derive the corresponding expressions in the following result.

Lemma C.1. The solution of the forward process (1) writes as
c
X, £ myo X + 0106 1)

with 20 ~ Tdatar G ~ N (0,1;) independent offo, and

t t
. 283
myp =exp [ —a .ds and o2, =e 29/ ﬁsds/ — 2 _ds.
t0 p( /0 Bs > to o 20 Budu

In particular, it £ io + 040G in the VE case (a = 0) and it £ my)o io + (a7 (1 — Inflo))l/2 G in the VP case
(a > 0). Furthermore, the probability density of the distribution of X given (X, Xq) writes

Psit,0 (Xs[xt,%0) = N (Xs; my), o + mf; Xy, 7§|t1d> ; (22)

; 2 — 42 2 2 2 2 t R 2 _ 42 2 0 R _mt
with rys|t,0 T Ut|sas|0/(at\s mt\s +Us\0) and ms\t,O T \/(rys|t,0 Us|0)/a.t\0 and ms\t,O = Mo Ins|t,0 m¢|0-

Proof. Define Y; = e /o 55ds§t such that, by It6’s lemma,
dY; = /2B Jo BedsqB, |

Therefore,

t
Yi=Y, +/ / 2556(,! Jo Budust ’
0

and

t
R, — o0 fiBasR, 4 ool m,ds/ V20 (23)
0

e Jg Budu

16
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do, t . . . . .
Note that when a = 0 and 35 = 0|9 Z'S‘O, fo v/28sdB; is a centered Gaussian vector with covariance matrix

t dO—s\O g d03|0 2
Y = / 2 q dsly = / q dsl; = O‘thId.
0 0

S S

Hence, for Z ~ N(0,1,) independent of io, it £ 20 + 040Z. When o > 0, the stochastic part of (23) is a centered
Gaussian vector with covariance matrix,

t
¢ s 1 ¢ 1
Y = (e_za Jo mds/ 23,62 Jo B“d“ds> I,=— (1 —e 2o O‘B‘*ds) I,=— (1 - mf‘o) I,
0 e !
which concludes the proof.

For the conditional distribution of X given (X, Xy), note that the conditional distributions of X given Xg, X; given Xg
and X, given X admit a Gaussian density with respect to the Lebesgue measure. Thus, by Bayes theorem,

_ Dys (Xt|xs)ps\0 (XS|X0)

Psjt,0 (Xs|X¢,%X0) = . (24)
Ptjo (xt]x0)
Therefore, we obtain that
SN 7 0 2
Psit.0 (Xs|Xe, X0) = N (Xm My, 0 Xt + Mgy o X0, ’Ys|t,oId) ) (25)
12 2 2 2 2 2 t 2 2 2 0o _ t
with 73, o = Ut|st|0/(0t|s My JFUS|0)» Myt = \/(%u,o - Us\o)/gtm and my, , = Myjg — My, o Mejo. 0

From the Gaussian representation (21) in the case of a > 0, we may rewrite

2
c %tlo
it = Iyo (iO + & G)a 5? = 72|a
m
tlo
where G ~ N (0,1;) is independent of )_fo. In other words, up to the scaling factor my|g, the marginal at time ¢ is a
Gaussian perturbation of io with mean 0 and covariance matrix 21, = (Ut2| o/ mf‘O)Id. Moreover, there exists a simple

relation satisfied by )‘io + &G and m(io + EG) for m € (0,1), as stated and proved in the following lemma. For this
reason, in the following, we will focus on the VE case, and derive bounds for o > 0 afterwards.

Lemma C.2. Let m € (0,1) and q. (resp. ) be the density function of the random variable Xy + €G (resp. m(Xg + €G)),
where Xo ~ paata and G ~ N (0,1y) is independent of Xg. Then, for all x € R%, the associated score function is given by

1 X
Vlogqe(x) = —Vlogge (%> : (26)

Proof. By construction, the two random variables are one the scaled version of the other. Hence, by a linear change of
variables, the probability density function of the above writes as m~%p; (x/m), therefore the desired identity is simply
obtained applying the logarithmic function and the derivative. O

Remark C.3. Note that if one uses the same (; for both VE framework (o« = 0) and the general case o > 0, the
relation (26) does not hold for the same t. Indeed, for a given ¢ in the VP framework, one must choose my|o such that

my|g = exp (— fot aﬂsds) and at the same find a time 7 (¢) such that

2 2 _ o2 L9
Mylo Oz(n)lo = Tijo = (1 mt|0) ;

which implies [T B,ds = [ 8, exp(2a [ B,du)ds. We shall not refrain from using Lemma C.2 to establish the link
between VE and o > 0 frameworks, considering the parameter Ut2|0 in the VE case as a free parameter.
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C.2. Properties of the score under Gaussian perturbation

We study how various properties of the score function are preserved under Gaussian perturbations. These results are crucial
for analyzing the forward diffusion process and its associated score functions in both the VE and o > 0 frameworks. Due to
the previous connection between simply adding Gaussian noise and the VE framework (« = 0), we will consider the notations

defined for the VE framework for presenting the results. Introduce also the denoiser application D;(x) = E [20 ‘ it = x} .

In this section we present only relations between p; and po thus one must interpret og; as a free parameter. We will then
rely on the following link between both frameworks to translate results in VE to results for VP.

Lemma C.4. Assume that Assumption 3.1 (I) holds. Then, for all x € R?,

St (x) = —% (x — D¢(x)) 27

%o

_E [SO ()_fo) ’)_ft - x] . (28)
Proof. The density of X; is the convolution
pe(x) = / po (y) ¢e (x —y) dy,

where ¢ is the density of N (0, Jf|01d> . Differentiating under the integral,

Vi (x) = /po (y) Vxpr (x—y) dy = *U% (x—=y)po (y) pt (x —y) dy.

t|0
Hence v () )
e (X
S = = ——(x—E[X§|X; = ,
() = ey = B BKIX =)

which proves (27). For (28), note that, from Bayes’ formula for the posterior distribution of X, given X; = x,

E{So(fo)‘i:ﬂ: ! /So(y)po(y)%(x—y)dy

pt (%)
_

pt (%)

/ Vypo (v) @i (x —y) dy .

Under Assumption 3.1 (I), the sub-Gaussian tail behavior established in Lemma A.1 guarantees the validity of integration by
parts with respect to y, with vanishing boundary contributions. This gives

/Vpo (y) pr(x—y) dy = — /po (y) Vypr (x —y) dy.

Noting that V¢, (x — y) = =V (x — y), we obtain

/Vpo (y) or (x—y) dy = /po (y) Vxpr (x —y) dy = Vxp; (2) .

Thus,

prt (X) _ x
D (X) - St ( ) ’

which proves (28). O]

E [So (X0)[X¢ = x| =

Lemma C.5. Assume that Assumption 3.1 (I) holds. Then, for all x € R4,

VS, (x) + 5 (x) S () = E {v S0 (Xo) + 80 (Xo) 8o (20)T

X, = X} , (29)

18
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and
VS (x) = Var( So (20) | it = x) +E {V So (20) ‘it = x} (30)
_ 0%0 (E {so ()—50) Xo | X, = x] ~ S (x) Dt(x)T) 31)
:iar io it:x —id.
Uflov ( | ) Ut2|OI (32)

Proof. Under Assumption 3.1 (I), from Lemma A.1, the Gaussian convolutions are smooth and all integrations by parts
below are justified (the boundary terms vanish). First,

V2pt (X)
pe (x)

Differentiating twice under the integral and integrating by parts in y, we obtain

VS, (x) = VZlogp, (x) = — 8 (x)S: (x)T. (33)

Vi (x) = / V2po (y) ¢r (x = y) dy.
Moreover,

V2po (y) = (VSo (y) + So () So (y)T) po (),

so that we get

T g (w50 (%) + 80 (Ro) 5o (%) [Re =]

Plugging this into (33) yields (29). Moreover, using (28) from Lemma C.4, we get (30).

To prove (31), recall from (28) that,

S (x) =E [SO (?0) Rt - x] ,

and write,
5100 = 200, NGO = [[Se ) () 1 (x—) .
It follows that
_IUNE) o IR (x)"
\% St ( ) Dt (X) St ( ) Dt (X)
_ VN(x) _S, (x T
= St (x) St (%) .

Since Vxpr (x —y) = —(x — y)agggot (x —y), we have
VN(x) = —%E [SO (§0> (x — XO)T‘ft = X:|

pe (%) Ttlo
= oo (50 (Ro) oK =] -0 (Ro) [Re = x7)
it = x} — S (%) xT> .

Y40

- (IE [so ()_fo) X,

%o

Then, using (27),

St (x)x" = —07, 8 (x)S¢ (%) +8: (x) De(x)" .
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Therefore,

VS () = - (&[5 (Xo) X0"[Xi = 5] -5, 0 Dux)")

Y40
which proves (31). Finally, similar computations as for V S; (x) yields,

% (IE [foioT X, = X] - Dt(X)Dt(X>T>

Tt

%Var(io | it =x),

Tilo

V D:(x)

where the last equality follows from the definition of D;. Rearranging (27) we get,
Dy (x) = 07 St (%) +x,

which proves (32) and finishes the proof. O]

D. Stability of the data assumptions along the diffusion flow and Lyapunov contraction

This section shows that the structural conditions imposed at time 0 remain stable along the diffusion. First, we prove that
the dissipativity inequality in Assumption 3.1 (I) propagates to the forward-time score S; with explicit time-dependent
constants. Second, we leverage this propagated dissipativity to establish a Lyapunov drift condition for the backward Markov
semigroup Qy|s, which is the key ingredient needed to apply Harris-type theorems (Hairer & Mattingly, 2008). Finally, we
show that polynomial growth controls on the score and its Jacobian (as in Assumption 3.1 (II)) are preserved under the
forward flow yielding uniform-in-time bounds used throughout the paper.

D.1. Propagation of the dissipativity condition

The properties of the score function established in the previous section allow us to study the stability of the Lyapunov
condition stated in Assumption 3.1 (I) through the diffusion dynamics, i.e., from Sy to S;. The next proposition makes this
transfer explicit by providing time-dependent dissipativity parameters 7; and k.

Proposition D.1. Suppose that Assumption 3.1 (I) holds. Then, for all t > 0 and x € RY, there exist continuous functions
Vi, ke [0, T] — Ry such that,
(St (x) %) < —ye IxII” + Az, (34)

where v and k; are defined as follows for t € (0,T]

e [fa = 0 (Variance-Exploding case),

Yo ko +d

NEm e K= o
1+ 270(7?‘0 T+ 2700152‘0

e Ifa>0,
2
m, o

am?lo +27v (1 — mfl())

Yol

K
osz‘o +270 (1 — mf‘o)

Ve = ki = (Ko + d)

Y

Proof. Case o > 0. Computing the trace of (31) yields, for all x € R%, ¢ > 0,

div(S, (x)) = — (E [<so ()‘50) ,>_<>O>\>_€t _ x] —(Ss (%) ,Dt(x)>> .

%o

Moreover, using (27),
(St (%), Dy(x)) = (St (%), %) + 07 ISt ()|°
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together with the fact that

A
div(S, () + 5 (9 = S5 (9)
we get
_ _ 2 Apt (x)
<St (X) ,X> =E |:<St (io) ,20>’2t = X] — UtIOTX) .
It follows from Assumption 3.1 (I) that

(8:(0),%) < 0 [T

i = + pe (%)
_ _ L2 =P\
¢ x] Ko — 0o e (%) .

Combining ||a||? = ||b]|*> + [la — b||? + 2 (a — b, b) and (27), we have

= %

Ko = x| = I+ |[Ro x| R = x| + 200 (50 0 ).

> [[x|* + 207 (St (%), ) -

It follows Aps (x)
D (X
(8¢ (x),3) < =0 lxl” = 20y (S: (x) %) + w0 — 0o = 55
which yields
70 2 1 < 2 Ap (X)>
Si(x),x) < —————|IX||"+ —F—5 | ko —0go— " | -
(St (x),x) 1+2700t2|0 [l 1_"_2,}/00?'0 0 t|0 e (x)
Using identity (35),
Ap; (%) 2
2 2
— = — T .
7ot = o0 (T (V8 () + 118, ()

This with (32) yields

ot = et (7 [RofRe =) ol o <

which concludes the proof.

Case oo > 0. As noted in Remark C.3, the general case o > 0 can be deduced from the VE case by a suitable time change.
With abuse of notation, write o4 V" = 049/ my|o. By Lemma C.2, we get that

X X
St (%), x)=(S; | — ), —
8t (), ) < t(mto> mt|0>
< 70 H x ||? N 1 0 — (110/ mypy)? Apy (x/my)0)
< 0— — | >
L+ 270 (0¢j0/ my0)? || Mo 1+ 270(04j0/ my)0)? Ho7 o pr (x/my0)
which concludes the proof. O

Remark D.2. From Lemma C.1 and the explicit expressions of m;|g and oy, it is straightforward to check that the condition
Yo > a/2 propagates in time. Indeed, for all ¢ > 0,

o Q 279 o @
Ny T Q(mfﬁa (1mfo)) = 20> Gt (1-mo) = (0= 3)mdy >0,

so that the corresponding time-dependent dissipativity parameter remains larger than the threshold a;/2 uniformly over
t>0.
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D.2. Lyapunov contraction for the backward semigroup (Proposition 3.2)

We now turn to the time-reversed dynamics (2) and its associated semigroup (3). Using the propagated dissipativity of Sp_,
we derive a drift inequality for polynomial Lyapunov functions V() = ||z||*. This is a key ingredient for Harris theorem
Hairer & Mattingly (2008) that we use with £ = 2.

Proposition 3.2. (restatement). Suppose that Assumption 3.1 (I) holds. Let Vo(x) := ||x ¢ for € > 2. Then, there exist
continuous functions 7. g, k. ¢ : [0, T] — Ry such that, forall 0 < s <t < T and all x € R¢,

OVx) + K

t|s tls -

Qt\s VZ(X) S A

tls * tls *

where X\ .= exp (7 f; ’yvygdv) and K1 .= fst exp (f f; "?Uld’l)) R edu. In particular, when { = 2,
Yo =2B; 2yr—t —a), and Ry =20 (2k7—¢ +d) .

Proof of Proposition 3.2. Note that for all x € R? and all ¢ € [0, T,
£0—2 =2
VVi(x)=Lx[""x,  AVe(x)=L(-2+d) x|~ .
The infinitesimal generator associated with (2) satisfies
A Vi(x) = B (ax +2S7_4 (x), V V(X)) + BrAV(x) .

From Proposition D.1 together with Assumption 3.1 (I) there exist continuous functions +, «.[0, 7] — R such that, for all
t € [0,T] and all x € RY,

(St (%), %) < =y [Ix]1* + s - (36)

AS a consequence,
A Vi(x) < —a; Vo(x) + by [[x]) 72

where
ay = €Bt (Q’YTft — a) y bt = éBt (QHT,t + E -2 + d) s

which finished the proof for £ = 2. Moreover, if ¢ > 2, for any 7; > 0, we can apply Young’s inequality with conjugated
exponents P, g such that 1/p = (¢ — 2)/¢ and 1/q = 2/¢. This gives

-2 _ 52 e -2 _0—2 ¢ 2 52
I = T < e 2
Take 1, > 0 such that a; — £2m,b; > a;/2. Thus,
{—2 2 =2 a 2 =2
At Vg(X) S — (at — g’l’]tbt> V[(X) + bt Z nt 2 S _Et Vg(x) + bt Z ’l’}t

It follows from Dynkin’s formula that, forall 0 < s <t < T,

t
Qt\s VZ(X) < V@(X) + / (_&UAVZQ’U‘S VZ(X) + Rv,@) dv.

where
- a¢ - 2 =2
Yo = Kt e btzﬂt 2
The claimed bound then follows from Gronwall’s lemma. O
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D.3. Propagation of the growth condition

We aim at showing the propagation of Assumption 3.1 (II) along the flow. To this end, we first study the time stability of the
quantity V Sy (x) + S () S¢ (m)T in the VE setting, following an approach similar to that developed in Section C.2. The
term plays a central role in the Lyapunov stability analysis. Indeed, as a direct consequence of Lemma C.5 and Corollary A.3,
this combination naturally appears when controlling the drift and growth properties of the dynamics, and thus governs the
stability estimates. The following lemma further clarifies its interpretation by showing that this quantity is tightly connected
to the conditional variance of the denoiser X | X, providing a probabilistic meaning to the key terms involved in the
Lyapunov analysis.

Lemma D.3. Assume that Assumption 3.1 (I) holds. Then, for all x € R?,

VSt (x) + St (x) S¢ (X)T = % Var(io | it = x) — U%Id. (37)

9o tlo

Proof. Let o, be the density of N/ (0, o? Id). Then,

t|0
1 ) 1 o 1
Vi (x) = fU—Q‘OX ot (%) Ve (x) = T%XX - U—QloId ot (%) .
t t t

Since
p) = [ o) e (x=) dy.

As in Lemma C.4, from Assumption 3.1 (I) and Lemma A.1, we can differentiate under the integral sign to get
Ve (x) = / po(y) Veor (x —y) dy,  Vp; (x) = / po (y) Vi (x —y) dy.

Similarly to the computations in Lemma C.4, applying Bayes’ formula together with the previous integration by parts
formulae yields

Vb g (e Xy Xo) - 1)Ko =x| 69
P (%) %40 <

Using S; (x) = Vlogp; (x) = Vp; (x)/p: (x) and the formula VS, (x) = VZlogp; (x) = V2p; (%) /ps (x) —
Vlog p: (x) V log py (x)T, we obtain

VS (x)+8 (x)S: (x)" =E l(;(x X (x—X) - Uin) |Xt - x} .
t[0 t|0

Finally, since E [x — X(|X; = x] = x — E [X(|X; = x], a direct expansion yields

E l(i(x ~Xo)(x— )‘io)T> ‘it — x| = Var(Xy | X, = 2),

%40

which plugged into (38), gives (37). O

Proposition D.4. Suppose that Assumption 3.1 (II) holds and o« = 0. Then, there exists a continuous function [0, T] > t —
Cgy,+ € Ry such that, for all x € R4,

I1S: ()| < /Cor (14 %)) (39)
V8 (0) 481 (08 (0)"|| < Cpe (14 6] (40)
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Proof. First, we prove (39). Taking the norm together with Jensen’s inequality to (28), we get

5 o < o ()[R,

X =x|).

s 1 1
I8¢ Goll < T (14 A0 )+ + KE)

Using Lemma A.2, it follows
p+1

Iscl < . (14 | [Xe

Applying Proposition 3.2 with £ = p + 1 yields

Therefore, we can find Cg ; such that (39) holds.
Similarly, we focus on (40). Applying the Frobenius norm together with Jensen’s inequality to (29), we obtain

Zx}.

®2

Hv S: (x) + S (><)®2HF <E H’v So ()730) +S, ()_50)

F

X =x|).

V8060 + 80 00| < T3 (142G x4 + K

Thus, from Corollary A.3,

v+ 002 <1 (1 || Ko™

Applying Proposition 3.2 with £ = 2p + 2, it follows

This means that, eventually increasing its value, we can find C,; such that (40) holds. The continuity of the function

[0,T] 3¢t — Cg, € Ry follows immediately from the definition of the ¢ — (A0 K

o[t Olt) from Proposition 3.2, for £ > 2.

O
We are now in a position to leverage the previous result to establish the propagation in time of Assumption 3.1 (II). This

argument applies to both the VE and VP cases, thereby ensuring that the corresponding regularity and stability properties of
the score hold uniformly in time.

Corollary D.5. Suppose that Assumption 3.1 holds. Then, there exists [0,T] >t — Cp ¢ € Ry such that, for all x € R, it
holds that

198Gl < Core (L Ix™72) 1S (Ol < Core (14 ]4).

Proof. Consider first the VE case. By combining Propositions D.1 and D.4 and using the fact that for all v,w € RY,
|[vwT]||, = [ (v,w) |, we have that

195 () lp < V8 () + 8¢ (=2 + 118 (II” <2 (1+ %1777

Applying Lemma C.2, we recover the bound (D.5) in the variance—preserving case as well.

To establish the polynomial growth of the score function a — S; (), we proceed as in Lemma A.2, using the intermediate
value theorem together with the previously derived bound on the Jacobian of the score function. O

E. Localized Doeblin minorization condition for the backward process (Proof of Proposition 3.3)

This section proves a localized Doeblin (minorization) condition for the backward Markov kernel Q| on bounded sets that
is informally stated in Proposition 3.3. Concretely, we show that for any radius r > 0 there exist a constant ,,(r) € (0,1)
and a probability measure v, such that Q;|(x, -) dominates &), (r)v|.(-) uniformly over x € B(0,r). Such result is the
second ingredient of Harris theorem Hairer & Mattingly (2008).
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Proposition E.1 (Formal statement of Proposition 3.3). Let 0 < s <t < T. Assume that Assumption 3.1 hold. Then, for all

() ¢ (0,1) and a probability measure vy, on R such that, for all x € B,.(0), A € B(R?),

r > 0, there exist a constant € t)s

Qua(x:A) > e vy (A)

where
(ﬂo’%fs\o)d/2

2
r
(r) _ ; — exp (— = )Its ;
(mTfs|T7t mTft\O)d max {(27TUT73\0)‘1/2 Mr_ g0 ||pdata||oo ) 1} T—s|T—t

tls

€

with

Liis=E

2 2 2
O gt T 207 _4)0 M _gj7—4
N | Xo:0, oz - L.
M _gjo Mp—s|7—t

Proof. Note that for all x; € R, using the notations of Lemma C.1,
De (Xe) = /pdata (x0) N (Xt;mt\o Xo,03\01d> dxg

1 U
—a | Pdata () N (U;Xt70t2|01d> du

Mo Mo
< max {mid [ pascall . (270) /2 }
< (2m03,) /2 max { 2m070) " myd [passalloo 1} @1

Let 7 > 0 and assume that x; € B,.(0). Using that for all a,b € R, (a + b)? < 2a? + 2b%, we have

_ | my s xs]|2 %12
pt‘s (Xt|xs) Z (27T0t2|s) d/2 exp <—|;S exp _M

o-t\s

—d O-tz\s T'2
Z(\@mt\s) N Xs;o’mld exp| ——| - (42)

t|s

Forall0 < s <t < T, A € B(R?%), and x; € R?,

QT—s|T—t(Xt§A) =E [E [1A (is)

2t = Xt,io} ‘zt = Xt:|

Pejo (X¢[%0)

dxodx; .
De (X¢) 0

— / 1A (Xs)pdata (XO)ps|t,O (XS|Xt7 XO)

By Markovianity of the forward process, we have, for all xq, X5, X; € R4,

Ps|t,0 (%s|xt5 Xo)pt\o (x¢[%0) = Ps|o (XS‘XO)pt\s (x¢]xs) -
Therefore, by (42),

2 2

04
QT—s|T—t(Xt; A) > py (xt)*l (ﬁmﬂs)fd €Xp (2) /1A (Xs)ps\o (Xs|x0) N <Xs§ 0, t;Lz) Pdata (X0) dxodx; .

Ut\s 2mt\s

By Gaussian conjugation, for all xg, x, € R%, we have

2 2 2 2 2 2 2
o o5 Mglo X oL.o o5+ 205, m
. tls —d . t|s tHsl0 40 tls” s|0 . tls s[0 “ts
Psjo (xs[x0) N (XS,O, oz Id> :mleN <xs, Iy | NV [ x0;0, —5—5—5—1a | -
m

2 2 2 0 2 2 2
s Ti0 T 050 Mijs Tgjo T Tsj0 Mis

25



On Forgetting and Stability of Score-based Generative models

Thus, if we define

Ir_gr—¢ :=E
Ins|0 mt\s

029 + 203 m?2 s
1a (20) N (20; 0, w1d>‘| [r—gr—t,

2 2 2
Ut|s + 2O—s|0 1’nt|s
N <§0; 0, 22—21d 9

MO,s,t(A) =E
me\o my

2 2 2
T%)s Ms|o X0 94595]0

'L)T_SlT_t (A) = /1A (XS)N <XS;

2 2 2 ) 2 2
Ti0 T 5o Myl Trjo T Tsj0 M)

we can complete the proof by (41) with

(ﬂ'at2|o)d/2 r?
ET—s|T—t = exp | ——— | Ir—s7—¢ -

(g o) max { (273 ) /2 iy [Paatalloc 1} 3

F. Explicit constants in Propositions 3.2-3.4

By Proposition E.1, forall 0 < s < ¢ < T, note that using Ip_s7_; < [|pdatal| o yields

7TO'2 d/2 DPdata 2
(r) < ( t|0) || t ||oo exp r .

ET—s‘T—t — d 5 d/2 —d o
(mys my)) max{(27mﬂ0) m, g ||pdata|\oo,1} t)s

5 Id> Ho,s,¢(dxo)dxs .

Note that
(71'0,52|0)d/2 [Pdatall oo . <71-UtQIO)d/2 IPaatallo millo
= min
(mt‘sms\o)dmax{(QWUE\O)dm i deamHOO’l} (s ma0)? " 2972 (1myp 1y o)

which leads to

Q) < min (7m't2|o)d/2 [Pdatall oo mz€l|0 exp _i
TslT—t = (myps mgpo)? 7 24/2(myp my)o) o, ]

tls

Variance Exploding case. Consider now the VE case, i.e., & = 0. Note that

o 2y tdagL 0 27,
A® = - / 28, [——2 v = / d 0 d
dge =X = [ 28 Tr2nod_ye) ) P\ Tae T+ 202, )

b
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and

t t
K£|25) / exp (—/ Q,BU(QWTU)dv> 284 (26574 + d)du
S u

L1+ 2'70‘7%4\0 da%fu\o 2(ko + d) 9 ¢ 1 d0%7u|0
— 5 5 du — d(1 + 27007 _y0) 5 du
s \1+ 2'700T7u|0 du 1+ 2700T7u|0 s \1+ 2700T7u‘0 du

t d2 1+2)/02 1+2)/00’2
2(1 27 72 t\C) (H )/ < 2 ) T(]uuodu+d( omT th) 10g 7; L

1+ 2700T_u‘0 270 1+ 2’YO‘TT—t|0

d [t d 1 (14 2v00%._0) 1+ 2907,
— <1 + 2700%_”0) %/ S autd T-tl) ), T-5[0
Yo s du \ 1+ 2700T—u|0 279 1+ 2’}/00'T_t|0

ko +d 1 1 (1+ 2’70‘7%—t\0) L+ 2'70‘7%—s|0
+d log

= (1+ 21003y -
( 7097 —t|o . 1+ 2700%7“0 1+ 2700%7“0 2% 1+ 2’700%4\0

a%fs\Tft d(l + 2’70‘7%4\0) ) <1 + 270‘7%s|0>
0g )

=2(ko +d
(o )1—1—2700%75'0 270 L+ 27002 _y 4

2 _ 2 _ 2
where we have used that O o7t = OT—sj0 — OT—t[0" Therefore, we have that

2
2K() _2I€0—|—d

t|s

1-— )\5‘25) B Yo

(43)

14 2’700-%30> 1+ 2’)/OO-T 3‘0

1+ 2700%4|0

+d(1 + 27007 _y0) log
| 2v00%_ t|T—s

Variance Preserving case. For the VP case (a > 0), note that, since ailo =qa! (1 — miw) for any u > 0, we have

t t
)\EQ = exp (/ o, dv> = exp (/ 26_,5 (2'yT_U — a) dv>
2

‘ 0
= exp (/ 2a3, m%,v‘o <( ) +2'yo ) d’l})
s T v|0
/t deT_Ulo 1— 20 d
= exp = v
< dv (1-222)m? vlo—i—ho

Q\ ‘4

_ 2% 2 270 2
B (1-=2)mf_,,+2 M7y +27007_40
T (1 — 20 2 2%~ m? p)
(1-=2 )mT—s\0+ a my_ o +27%07_4p0

and

1— 2% 2 +2’Yo ) +d)m?2
( ] ) mp_ t|0 (HO ) mT—v\O +d)du
(1 — Qﬂ) m2 +2’70 (

28 m2, t|0+2700% 0 2(K0+d)m%7v\0 La)d
) u
o\ m7 v|0+270‘7T [0 m2T7u|0+2700%7v|0

1

2

T

@ T—v|0 B %) m% v|0 +270
_ dszfu\o < ( - 2ﬂ) m7._ t[0 +2’Y0 ) ( 2(ko + d)m3,_ [0 n d> du
- 2 2 2 2
Q1. —ul0 du (1 - T) m%—v\o +% ( - %) %—v|0 + 30
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where we used the definition of mf‘o = exp (—Qa fot ﬁvdv) together with Ut2|0 =1 (1 - mf‘o), for t € [0,T], when

a > 0. Using the change of variable y(u) = mQT_ulo, we can rewrite the last integral as

(-2 [ (@5 i)

K®

t|s

2 2
_ 2(ko +d) 1 (1_%)1117" t\o+ =
a—2% (1 - %) my_ 5|0+2W

2 2
d ! 270 9 1 m7._ t|0 =2 )m% sloT 70)
T\ T mT_t.o+ o N
m7, — ") m7 1o T
5 d m%—t\o (mQT—sm +2'700%—s|0)

2
Mp_g10 — Mp_g)0
= 2a(ko + d) ( é|_~_2 o2 | > o (m% 1o 27007 t\o) log 5 5 5

mE_ o 29070 M7 _sjo (mT—t\O +270‘7T—t\0)

G. Gaussian framework: explicit backward kernel and contraction

This section provides a closed-form analysis of the backward dynamics in the Gaussian setting. When the data distribution
is Gaussian, the forward marginals remain Gaussian and the score admits an explicit linear form. This makes the backward
SDE linear with time-dependent coefficients, yielding an explicit representation of both the backward flow and its transition
probabilities.

G.1. Closed-form score and backward transition

Lemma G.1. Consider the forward diffusion (1) and assume Tqapa = N (i, 2), with p € R? and ¥ € Réxd symmetric
positive definite. Then, for every t € [0, T, using the notations of Lemma C.1, the score function is given by

Si(x) = —S7 ! (x —myo ), (44)

with
N, = 2 by 2 I
t = mt‘o +O—t\0 d -

Moreover,
X7y = 2Br s (a m2 % - (1 - aa%ftlo) Id) . (45)

Proof. Using Lemma C.1
L
X, £ my|o 20 + 040G,

with io ~N(p,X), i}t is Gaussian with m; o ¢ and covariance is mt‘o Y+ athId The score of a Gaussian N (m, C') is

—C~Y(x — m), giving the claimed expression for (44). It remains to compute the time derivative. We have
Oymyo = —afimyy = O m?|o = —2ap; m?m»

and
ﬁtaflo = 2575 — ZOéﬁtO'?‘o = 2615(1 — 040'752‘0) .

Differentiating >; = X+ O’t‘oId and using Oy X = — %Es |s=T_t gives (45). O]

t|0
Remark G.2. For any s,t € [0, 7] the matrices X5 and ¥; commute.
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Lemma G.3. Assume that Tgata = N (u, X). Then, forallt € [0,T],
it = eiafot Bs dsET,tE;l yo
_ t _
el Bedsyy, / e Jo Puduy fog w171 4B,
0

_ o
+2 <e°‘ fot BSdSZT—t/ [33604 fO ﬁ“dUZ;zs mT—s|O d5> o,
0

where ¥y = mf‘o Y+ Jf‘old (as in Lemma G.1).

Proof. By Lemma G.1, for u € [0,T], S,, (x) = =X, (x — myo ). Plugging u = T — ¢ into (2) gives

d§t = <a6t§t - QBtz;it (yt — mM7_¢)o N)) dt + QBtdBt .

Define
Zt = Z;Ete“ fJ Bsdsit .

Using It6’s formula and (45) we obtain
A2, = 23”0 P95 2 gy pdt + e Jo Pl Jog 3t dB,
Integrating from O to ¢ yields
t _ . t . —
Zt = 2;1§0 + 2/ 6Sea fo 5“’ duz;zs mT*S|0 /’(‘ds + / eOL fO ,BUdu \/ QﬁSz;isdBS I
0 0
and multiplying by e~ Js #4552, gives the desired expression for %t. O

Corollary G.4. Assume that Tqata = N (1, 2) and let 0 < s < t < T. Then, the conditional distribution of it given
s = X is Gaussian with

E [it

ys = X:| = e_Ot fst Bu duZTftE;isx
t 5 t L
+2 (e_a Js ﬁ“d”ZTft / Be* /. /%duz;gr Mo dr) B
s

% [3_@

KS = X} =Y 4 —e 2 N B’“duET—tz;iszT—t ,

in particular the conditional covariance does not depend on x.

Proof. Starting from Lemma G.3 (applied at times ¢ and s) and using the identity
27 X + 2 / BreoJo Pudus2 g0 pdr + / e S5 Buduy [o5, 301 dB, = e i Putepl X
0 0

one obtains a decomposition of yt given § s into: a linear term in § s, a stochastic integral over [s, t], and a deterministic
u-shift over [s, t]. Taking the expectation and using that the stochastic part has mean 0 yields the conditional mean. The
conditional covariance is given by Itd’s isometry and the same calculation as in Lemma G.3 (now on [s, ¢] instead of
[0, %)). O
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G.2. Explicit contraction rates for the Euclidean norm

We exploit this structure of the transitions derived previously to obtain explicit contraction bounds: first in Euclidean
operator norm (through || As.¢||), and, as a consequence, in W, distance.

Lemma G.5. Following Corollary G.4, in the Gaussian case, the conditional mean satisfies for any s < t
. -
E [it‘is = Xi| = Ag4X + by ; Agp = e ) ﬁuduZTftz%is )

for some deterministic offset bs.; (explicit in Corollary G.4). In particular, the dependence on the initial condition over one

step is entirely carried by the matrix As.;, which is a strict contraction || As.+|| < 1 for the Euclidean (operator) norm in the
VE case and whenever a=* > A\pnax(X) in the VP case.

Proof. Recall from Lemma G.1 that
S =mj, X + o7l

Let A1, ..., Aq be the eigenvalues of X.. Then,

2 , 2
—a [t B du M7 _¢0 Ai + 97—t)0
”As:t” =e s fgagd 2 X + 2 .
StsdMp_ 0N T 9750

* VE case (o« = 0). By definition, myo = 1 and Uf‘o is strictly increasing in ¢. Since T'— ¢ < T — s, we have

U%*tIO < ‘7%75\0 and therefore for every 1,
2
Ai + T _to
Ntz b
it 07 g0
which implies || A5.¢|| < 1. Hence the one-step conditional mean is a strict contraction in Euclidean norm.

tht1 5
* VP case (a > 0). The prefactore™ @ Jo ™ Budu 14 always contractive. Moreover, in the VP case, for any s € [0, T
Uf\o =a™! (1 - m§|0)’ hence, for any 1 <4 < d,

2 2 1 2 1
M7y 0 Ai + 0740 a4 my g, (Ai—a™)

2 . 2 - -1 2 1)
rnTfs|0 Ai + O—Tfs\[) a "+ rnTfs|0 ()\l @ )

In particular, using that my|q is strictly decreasing in ¢,
— if \; < @71, then
2 2
M7 _tjo Ai + 97—t|0

2 , 2
T3]0 Ai + 91—sl0

<1,
m

so the covariance ratio is contractive along this direction. Moreover, if Ay ax < a~ 1, then forall i, \; < oL
— if \; > a1, then the ratio is maybe be larger and and this eigendirection may expand if not compensated by the

prefactor term.

It follows that the one—step conditional mean in the VP case is also a strict contraction in Euclidean norm when
Amax < o~ L.

Lemma G.6. Assume that Tqawe = N (1, %) and let 0 < s < t < T. Then, for any x,x’ € RY,

W (8:Qujs, 030 Qo) < || Aty mzt

[l = ]| -
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Proof. In the Gaussian case, for any 0 < s < ¢ < T the conditional law of &t given §S = x is Gaussian with covariance
independent of x (see Corollary G.4) and conditional mean

E [S_Q

As a consequence, using the closed-form formula for Gaussian random variables (Bures metric)

§s = X:| - ASItX + bs:t ) As:t = eia'[st BuduZT—tz;is '

W (0:Qujss b0 Qo) = [ P dmp 271 (x — X))

< [Jomo Ptz e ]

H. Proof of the main stability bound (Theorem 4.3)

A proof sketch is provided in the main text. This appendix completes the proof. We collect the intermediate estimates used
in the proof sketch from the main text.
H.1. Initialization error: mixing properties of the forward process

We bound the discrepancy between the terminal forward law pr and the reference Gaussian measure 7., used to initialize
the backward chain. In the VE case, the KL divergence to the Gaussian reference is controlled via a convexity argument
(Lemma H.1). In the VP case, KL contracts exponentially fast along the Ornstein—Uhlenbeck flow (Lemma H.1). These KL
bounds are then converted into weighted total variation bounds through Pinsker/Hellinger estimates and moment controls.

Lemma H.1. Let pr denote the law of XT and suppose that Assumption 3.1 (I) holds.

» If a = 0 (Variance Exploding) and no. = N (O7 (2 fOT Bs ds)Id>, then

s %]

KL (pr|7ec) < —7——. (46)
- 4f0T Bsds
* If a > 0 (Variance Preserving) and noo = N (0, oflId), then
KL (pr | 7o) < KL (Taatal| 7o) €72 o Aels (47)

Proof. In the VE case, recall that, for x € R¢,

2

ITlo

Using convexity of the Kullback-Leibler in its first argument yields

T T
KL (prlln) < [ (oKL (N <y, e[ s ds>1d> HN (o,@ / ﬁsdsﬂd)) .
4 " _ Iyl
L <./\/' <y, (2/0 Bs ds)Id> N (0, (2/0 Bs d5)1d>) = 4f0T Bds

which proves (46). In the VP case, note that it follows from Assumption 3.1 (I) together with Lemma A.1 that
[Hi H } log 27ra ) < 00.

It follows from Lemma B.1 of Strasman et al. (2025a), after a suitable time change and an adjustment of the invariant
measure, that (47) holds. O

Moreover,

KL ('/Tdata”ﬂ—oo) < log HpOHOO
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Proposition H.2. Suppose that Assumption 3.1 (I) holds and let ioo ~ Too. Then, the mixing time for SDE (1) in the
weighted total variation distance is upper bounded by

X,
po(PT, Too) < (;5 +b\/2 ( [VQ(iT)} +E [VQ()‘%@D) m,

in the VE case (o« = 0), and by

(T Too) < (\;5 + b\/2 (E {V2(§T)} +E [V2()_(>OO)D> KL (Tqata|Toc)e o Beds

in the VP case (o > 0).

Proof. Using that the both distributions are absolutely continuous with respect to the Lebesgue measure:

plpromc) = [+ WV () lpr(x) — pr ()i
= lpr = pclley b [ VEIIpr(x) — pac .

The left hand-side is controlled using Pinsker’s inequality (19),

1
Ipr = pocllzy < y/ 5KL (rlimec)

It remains to control the right-hand side. Write

[P = Poo| = WPT = V/Poo| (VPT + V/Poo)-

By Cauchy-Schwarz,

1/2

[V Olpro) —ptstax < ([ V260 (Ve + Vi) ax) ([ (Vo - Vo) ax)

On one hand, using (v/a + vb)? < 2(a +b),

/ V2() (v/pr() + v/poo (%)) 2 < 2 / V2(5) (o (%) + poo () )
=2(E[?(Xn)] +E [’ X)) .

with ioo ~ Ts. On the other hand, using inequality (20)

[ (Vort = Vo)) do = 2H(r.12)* < KL (prijrec)

It follows that,

po(pr, Too) < (\2 n b\/Q (]E [VZ(XT)} +E [v%im)])) VEL 0r7) s

since E {VZ (XT)} < oo thanks to Lemma A.1 and recall that ?w ~ T 18 @ Gaussian measure so that [E [VQ (foo)} < 0.
Finally, conclusion follows from Lemma H.1. O
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H.2. One-step discretization and approximation error for the backward kernel

We quantify the one-step discrepancy between the exact backward transition Q| and its learned/discretized counterpart

| The bound is expressed in a weighted total variation distance and splits into two components: a discretization/freezing
error (due to keeping the drift frozen over [s, ¢]) and a score approximation error. The proof proceeds by controlling a local
KL divergence via a Girsanov argument and converting it to a weighted bound through Hellinger/Pinsker inequalities and
Lyapunov moment estimates. In this section we use the shorthand notations

)\i‘s) = sup A KEQ = sup Kfjl)s, Cuys:= sup Cyr_y.

uE[s,t] w€(s,t] uE[s,t]

for the constants of Proposition 3.2 and Corollary D.5,
Proposition H.3. Let0 < s < t < T suchthat s < t and x € R%. Suppose that Assumption 3.1 hold. Set A := f; Budu >0

and
EXi=Sr_s(x) —spg(x, T —s) .
Then,
(5 Qupe 502, ) < V22 (00 + T I+ + 34 ez, ()

< AYTQ L TD x| 7 Hoa (x) + V3A |EX]] Han(x),

where —© @) ) (4p+4)
T = 3Aa (Aﬂ +Kt|s) +3( d+8Ch, (1+K o )) ,

F(l) : 24CHt s §\45p+4 SA 4)‘15\3 ’

and

Hoa(x) 1= (/Qua1 b V2(0))2 +1/Q4 (1 + 5 Va())2) -

Proof. Using Lemma B.1 and inequality (20) relating the Hellinger distance and Kullback—Leibler divergence, we obtain
for x € R4,

Po <5th‘375xQ?|s) <V2H <5th|575XQt9|s)
. <E [(100vs(%,))
< \/KL (s 022,

(=] rmm(E))

2
Since (1+bV3)? < 2(14 b2 V3), applying Proposition 3.2 for V,, we have that E |:V2 (yt)

X, = x] " e [ bV (XD)°[x0 = x}”)

K. - x] " [ bV (X)X = x}”) .

is = x} < 00. Moreover,
since ||sg (x, s)|| is deterministic then E |:V2 (Xf)Q‘Xz = x} < 0.

Step 1: KL bound via L, drift bound. Consider the continuous-time interpolation (Xﬁ)ue[s’t] of the Markov chain (4),
defined for u € [s, ], as

Xﬁ=x+/ Bedl (ax + 2 sg (x7T—s))+/ 2/,dBy , (48)
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Applying Lemma H.5 and Corollary H.6, together with the data processing inequality (Nutz, 2021, Lemma 1.6), the
Kullback-Leibler divergence between the one—step kernels can be bounded in terms of the L? drift mismatch between (2)

and (48):
) <3 [ A (R x) 42 (500 (R) ~so 7))

Step 2: error decomposition. The score mismatch decomposes as the sum of a freezing error and a score approximation

KL (8 Qs

X, = x} du.  (49)

error that writes as

ST—u (§u) — Sg (X, T— S)
— <STu (iu) —Sr—s (x)> + (STS (x) —so (x,T — 5)>

=Y, - YJ &7,

where we used the notation of Lemma H.7 ie., Y} := St_, (iu) for v € [s,¢]. From Lemma H.7, with Z¥ =

VSr_u (gﬁ) for u € [s,t], we have that

t i
Yr-Yr= —a/ B Y du +/ \/2B.Z%dB,

By definition of the backward process we have

Xr-x= / t (aﬁui’; + 25,77 du+ / NSRS

S

Combining these cancels the Y -integrals and yields the following identity

(XX — %) +2(YF - YY) 7a/ﬁu§xdu+/ \/2B. (01 + 22%)d

Step 3: bounding the conditional error terms. Plugging the above decomposition in (49) and using the triangle inequality

yields
E {Ha (it — x) + 2 (ST_t (it) —sp (x, T — s)) ’ is = x]
28, (14 + 2Z%)dB, 2

t 2
a2/ Buiudu ‘&S:X ‘

Let v(du) := (3,/A)du be a probability measure over [s, ¢]. Then, using Jensen’s inequality

+ 3E

< 3E +12]€7)”?

s =X

. 2 2
/ Buiudu |§S =x| =A’E v(du) ‘&S = X‘|
k t
< A’E { u) KS = x]
t

=AE [/ Bu yu dui X:| .

By Proposition 3.2,
2 ®) 2 4+ K2
E ’ o 1K = x| <A@ )2+ K.
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2‘§52X1§a4A]E{/:ﬂu §u2 S=X]

t t
<aiA <||X||2/ 5uAﬁldu+/ Bqulidu)

(2)
<a'a? (N IxI” + K7 - (50)

Hence,

o? / t 3,X.,du

By Itd’s isometry,

2
2B, (al4 + 2ZX) dB,

.= x] - 2/: BuE [laTy + 22513 | X, = x| du
< 4a2dA + 16 /: BuE [Hzm\;‘i - x} du.
Since Z* := V Sr_,, (?u) Corollary D.5 applied at time T — u and point X, yields
1) = 787 (X.)

Squaring and using (1 + a)? < 2(1 + a?), we obtain

B (12512 [K. =] <2 G (14 ||,

2p+2

’ < Crr—u(
F

4p+4

%)),

Therefore,

4p+4

/ﬂu ||ZX||F’<)_( = x| du<2/ BuC . 1+E[

(Xs—xbdu.

Finally, applying Proposition 3.2 with £ = 4p + 4 gives, for all u € [s, ],

e

4p+4

%S _ X] < )\(4P+4) x ||4P+4 + KWt

uls ’

and thus
/ BuE (1257 Xs = x| du <2 / Bu Chrp (14 A x4 4 K2
< 2Ty, (1+ A““p*“ PUSSEES AP
Hence,

2
28, (adg + 2Z,)dB,

|

Combining (50) with (51) yields,
t —
o? / Buyudu

< a2 (X) IxI” + K7

\ = x] <44 (a%d+8Th,, (1407 I KT ) 6D

=

2
28, (aly + 2Z%) dB,,

+ 3E

2
|szszx

+12A< %+ 8Ty, (1400 x 4P+4+K£|4;’+4>)).
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Hence, using that ||x|*> < 1 + [|x|***,

2
o? /t Bugudu |§5 =x

< A (DS + DL x) ),

2

3E +3E

t
/ \/2Bu (a1 + 2Z%) dB,,

with
DY) =380 (W] +K(1 ) + 12 (a2d + 8T, (1+ K7 ))

and 2 Upta) o)
D' :=96C,  Nye +3AatA,..

Step 4: combining all the bounds. It follows that the one-step discretization error is upper bounded by,

L B o (R ) 2 (50 (52) o7 - ) [, = o]

1t
1 [ B (AL + D ) 12 ) du

IN

KL (5th|5

5xQ?|s>

IN

0 1 4p+4 x |12
= = (DE + DL x| 77) + 34 Jl€x|?

absorbing i in Di?t) and Ds:lt) yields the exact constants in the statement of the Lemma. O
Corollary Hd4. Letk € {1,..., N} and set Ay, := ::4 Bu du. Assume the hypotheses of Proposition H.3 hold, and recall

that 79 .= 75,QY . Then

-9 RN di t
Po (ﬂ'k—1th|tk,177Tk_1Qt,€\tk71> < ARCIST 4/ ALCRY ||5k_1||L2(ﬁ271) )

with

B B 2 1/2
il =2 [[rons (%8,) s (R0 7-e)]

4dp+4

iscr =(0) =(1) < <
C]({}ij‘l: = \/Ftk_litk + Ftk_litkE [Hkal :| E [Hk(xfk71)2:|

and

onet = \/3E [Hk(Xi’k,l)Q}

©) and f(l)

th—1:tg’ th—1:tk

and where Hy, (with s = ti,_1 andt = ty,), T are defined in Proposition H.3.

Proof. Using Lemma B.2 we have that
Pb (ﬁZ—thkltkdv7ATZ—1ka\t,€,1> < /pb (6Xth\tk71’6XQ§k\tk,1> ﬁZ—1(dX) .

Let Xf 1 ™ 7%1271- Then, by Cauchy—Schwarz

/1

X X?k—l
& &l

te—1

H(x)7_, (dx) = E H

(X!,

IN
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and similarly,

~ (0)
S+ |4P+4Hk<x>wzl<dx>s¢ o+ TQE [thkl

Multiplying by A and /3A yields the claimed bound. It remains to check the finiteness of the expectations on the
right-hand side. In particular, let G(x) := (1 + b Va(x))? and

X) = \/th|tk—1 G(X) + \/ng\tkfl G(x

4p+4

} E {Hk(th 1)2} .

Then, using (a + b)? < 2(a? + b?),

E[#(X,_,)"] < 201 Quupe IG)+ 271 _1Qf,,IC]
2(700(@0 k— 1th|fk 1) [G] + 27%0@?% [G] .

In particular, since G(x) < 1 + V4(x), Assumption 4.1 yields 7, QY., [G] < co. Moreover, applying Proposition 3.2 with
¢ = 4 and using again Assumption 4.1,

TooQ o1 [Va@)] + K, < oo,

trltp—1

(7o Q.1 Qe o, ) [Va(x)] < A

thlti—1

and therefore
E [Hk (X?

te—1

)2}<oo.

H.3. Technical lemmas for the main proof

First, this section provides the pathwise change-of-measure identity used to control the KL divergence between the exact
backward SDE over one step and the continuous-time interpolation of the (discrete) SGM dynamics (Lemma H.5 and
Corollary H.6). Second, under the uniform Hessian control from Corollary D.5 we write the SDE representation of the score
function that is used in Proposition H.3.

One-step Girsanov type bound

Lemma H.5. Fix a discretization grid0 =t; < --- <ty =T, anindexk € {1,--- N — 1} and a point x € RY. Let
(it)te[tk,tk+1] be solution to the backward SDE

d%t = Btb(t, it)dt + QBtdBt s ytk =X, (52)
with b(t,y) := ay + 2 St (y). Denote by P¥, the distribution of (52) on (it)te[tk,tkﬂ] Similarly, let (X9 )e€ltn.tii] be
the continuous-time interpolation of the generative model defined as solution to

dX{ = Bibe(te, x)dt +1/28,dB,,  XJ =x, (53)

with by (t,x) := ax + 2sg (x,T — t). Denote by IP’fk’e the distribution of (53) on (Xf)[tk’tkﬂ]. Suppose that Assump-
tion 3.1 (I) and Assumption 3.1 (II) hold. Then, it follows that

E llog <§§§kg ((it)te[tht,ﬁﬂ]))]
Tt Bt T 1 [tes )
= E[/tk \/;(b(t,it) — by(tx,x)) dB; + 1 [k Bt Hb(t, it) — be(th)H dt] 7

where (Bt)ict,. t,.1] IS @ Brownian motion under P, .
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Proof. Let Q := C([tr, tps1],R?) and X = (Xy)se
reference process

tr,txs1) DE the canonical process on 2. Introduce the following

dZ, = \/25,dB;, Z, =X, (54)

k

and denote by WY, the distribution of (54) on (2.

Step 1: Time-changed processes.

Our goal is to apply Theorem 7.7 of Liptser & Shiryaev (2001), which is stated for diffusion processes with unit diffusion
coefficient. We therefore introduce the deterministic time-change

t

7(t) = / 2B.ds, fort € [ty, thr1],
tk

and denote by 771 : [0, 7(tg+1)] = [tk, tk+1] its inverse. By the inverse function theorem,

1

Y (u) = —=——— .
(0 = g

Define the time-changed path space Q:=C ([0, 7(tx+1)], R?) and introduce the bijective time-change map T:Q-0Q by
(Tw)(u) == w(r™ (W), € [0,7(tr)].

Its inverse 771 : Q — Qs given by (T710)(t) = &(r(t)) for t € [t,txp1]. For Zy := Z.-1(,), we get that
(zu)ue[077(tk .1)] 18 a standard d-dimensional Brownian motion starting from x, and we denote by Wi‘k = Wi o T its
law on €. Similarly, define the time-changed processes
u = X1y (resp. X, := X7 -1(,)),
satisfying
§ 1p( —1 § 7 <! 1 7
dX, = 50(77 (u), Xy) du + dZ,, dX, = 5bg(ty,x)du + dZ, .
We denote by PX = P% o T~'and P? = P},% o T~ their respective laws on Q0.
Step 2: density processes.
Let X = ()A(u)ue[077(tk 1)) be the canonical process on Q. Under W"k , X is a standard d-dimensional Brownian motion
~ ~ ~ - ~0
with Xy = x. Moreover, under P} _(resp. IP’ZC’G) it has the same distribution as (%u)ue[oﬂtk“)] (resp. (X, )ue(o,r(txsr)])-

It follows from Proposition D.4 and Proposition 3.2 that

T(tet1) = |2 T(tk+1)
E V ! Hb(Tl(u),ﬁ_(u) du] ~E V !
0 4 0 4

From Proposition D.4, we also get that

T(tk+1) 1 . -
[ w2
0

Since the integrands are nonnegative, these imply the corresponding a.s. finiteness conditions required in Theorem 7.7
in Liptser & Shiryaev (2001). Then, by Theorem 7.7 in Liptser & Shiryaev (2001), the path measures are equivalent
P¥, ~ W and

aiu +2 ST,T—l(u) <§u>

2
du] < 00

2
du| < 0.

dp;ck ()A() e T(th+1) Lyt R\ 1 T(tkt1) o 2 2d Wx
s = &Xp 2 (T (U')7 u) u H (7 (u)7 u)” u t, .S
dWE 0 8 Jo
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Moreover, since by (t, x) is deterministic, the same theorem yields ]P’fk’e ~ Wy and

dﬁ\nfﬁ = T(tk+1) . TS 1 7 (Ekt1) 9 _
—~—(X) = exp / 5 bo(tr,x) dX, — 7/ l|bo (i, x)||"dup W as.
dWi 0 8 Jo

Therefore, the ratio of the above densities yields @ff almost surely,

d@x R T(tk+1)
A;ke (X) =exp /
dPy;; 0

(b (). %) - bg(tk,x)>Td)A(u

& (g

By equivalence of the measures, equation (55) also holds @fk almost surely.

=

N ||b9(tk,x)||2>du} . (55)

Under ]IAD;‘k the process
A~ A~ u A~
B, =X, —x— /0 2o(r71(s), X,)ds, foru € [0, 7(tk+1)],

is a d-dimensional standard Brownian motion. Consequently, under Iﬁ’;‘k, X, = %b(T‘l(u),f{u)du +dB,. Asa
consequence, @fk almost surely,

d@x R T(tk+1)
A;ke (X) =exp /
dPy; 0

=

(b(r" (), Xu) = bo(th,%)) B,

Step 3: density process for the original-time laws.

Let T :  — € be the deterministic time-change map defined in Step 1. By construction of the time-changed processes,
recall that
Pr =P ol !, P =PloT .

In particular, we have equivalence of the measures, i.e., ]P’;‘k ~ IE”;‘);G and for any test function ¢ : Q — R,

d]P’" 7
X X X,0 x,0
/w )dPY = /w 1XIP’ /¢ Px@ dIP’tk /1/) ]p;ke X)dPy’,
so that N
dPx dPx .
b(X) = —(TX),  PRlas

Sl aey’

In particular, using that IPfkﬁe ~ Py,

—Er; [/t V% (ble.X) byt ))dBtJri/:Hl B (106 0) = bt 17 )]

which concludes the proof. O
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Corollary H.6. Under Assumption 3.1,

E Utk“ Be
tr 2

1
x,0

2
b(t, Kt)—ba(tk,x)H dt] < o0.
Thus, we get

tey1
KL (P [ B K - st at]

ty

Proof. Note that,

tk+1
s
tr 2

06,50~ teae] <] [ Aot Ko ] + o0 [

Moreover, using Proposition D.4, there exists a universal constant Cj, (depending on [, tx+1]), such that

B[ A e Kol o) <o [T [+,

23

dt.

2p+2:|

Using Proposition 3.2 with £ = 2p + 2, we have sup,¢| ] E[||§t |?P72] < oo. Therefore,

tisti41

B[ e K| o] <.

which implies

E

AP 1 bett
log (dpig <(§t)te[tk,tk+1])>] = 4El‘/tk Be

b(t, X,) — be(tk,x)‘fdt] .

O

Backward evolution of the score. Consider the process obtained by evaluating the score function along the backward
trajectory, namely
Y; =57 (it) ;

where (ﬁt)tzo is a weak solution to (2). This process can be shown to satisfy a SDE on the entire interval [0,T], as detailed
in the following result. The well-posedness of this SDE, as well as the validity of the representation (56), rely critically on
Corollary D.5.

Lemma H.7. Suppose that Assumption 3.1 hold. Then, for any x € R%, we have
AY; = —af, Y, dt + /23,2 S7_, (it) dB; . (56)

Proof. Consider the Fokker—Planck equation associated with the forward process (1), i.e.,
3tpt (X) = Oéﬂt diV(Xpt (X)) + ﬂtApt (X) s (57)

for x € R% t € (0, T]. We manipulate the preceding equation to derive the partial differential equation satisfied by the
function (¢, z) — log pt(z). Thus,

div(xp:(x))
pi(x)

+5Ap (%)

0 log py (X) = afy t e (X) .

Introducing Ap; /p; = Alog p; + ||V log p¢||* and expanding the previous equation yields

Olog pi(x) = af(d + (x, Viogp:)) + B (A log p; + IIVlogptllz) : (58)
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Using It6’s Lemma, Y; = V¢t(§t), with ¢4 () = log pr—¢(z) we get
dY;

= [ave (X)) + V21 (X)) (B X, + 28190, ( )+ Biave, (X,) |de+ /25,92, (X.) dB,
=[v (at@ (X:) + 5 (A@( )+ |[ve (X )) +af V2 (X)X dt + /28,920, (X,) dB,
where we used that, for x € R% 2V2¢,(x) Ve (x) = V ||V, (x) |- By (58).
Ou6(x) = —aPr_o(d + (x, Vlog pi) — B (Alogpe + | VIog ) .
which implies
1Y, = [~af, (VoK) + V20u X)X, ) + B V20X X dt + /26,926, (X, ) B, .

which implies (56). Note that the Fokker—Planck equation (57) is only known to hold for ¢ € (0, T]. Therefore, the validity
of this SDE representation cannot be extended directly up to the terminal time 7. To overcome this limitation, it is necessary
to establish additional regularity properties of the stochastic terms involved. In particular, we must show that the quadratic
variation of the martingale component in (56) remains uniformly bounded on [0, T'], which allows the SDE to be extended to
the full time horizon and ensures the well-posedness of the backward dynamics.

Applying Corollary D.5, there exists a constant C' > 0, independent of ¢ € [0, T), that bounds the quadratic variation of (56)

as follows
E [/t 23, ||V Sr_s (?) ‘ids g} E Ut 43,2y, <1 n Hﬁ_( 4p+4) ds} <c,

where in the last inequality we used the continuity of ¢t — Cg ; from Corollary D.5, together with the Gaussian representation

(21). Indeed, Lemma C.1 shows that the law of &t, equal to the law of iT ¢, 1s the product of a continuous factor times a
Gaussian convolution. As both the normal distribution and py admit any order moment, from Lemma A.1, we have that the
previous bound is uniform in time and does not explode for ¢ — T O

I. Numerical illustration of forgetting in controlled settings

This appendix describes the numerical protocols used to illustrate the forgetting/stability mechanism predicted by the
Harris-type stability result established in the main text.

I.1. Synthetic datasets

We study the following probability distributions that satisfy Assumption 3.1.

Gaussian random vectors. We set dimension to d = 50 and consider Gaussian data distributions of the form
. d
Wdata = N(,u’a 2)7 ,LL = 1d 6 R )

where 1, denotes the vector of ones. We study three covariance structures:

1. Isotropic. We take an isotropic covariance
»s0) .= 521, o2 =0.1,
so that all coordinates have the same variance and are uncorrelated.
2. Anisotropic (Heteroscedastic). We consider a diagonal covariance with two variance levels:

L 1<j<5,

E(hctcrosc) = di o -
lag(’Ul, avd)a (% 10_37 6 S] S d,

so that the first five coordinates have much larger variance than the remaining ones (no cross-correlation).
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3. Correlated. We use a dense covariance matrix with unit marginal variances and slowly decaying off-diagonal correlations:

1

———— forj #7’,
N e R

Z(C-OH) =1, E(corr) L

Ji A
for1 < 5,5 <d.

Gaussian Mixture Model. We consider a Gaussian mixture model in R? defined by

25
Pdata (X) = ZwiN (hir 24)
i=1
where

o {w;}75, are sampled i.i.d. from a & distributions with 3 degrees of freedom and re-normalized to sum to 1,

* {1;}?5, have all but the first 2 coordinates at 0. The first two coordinates are evenly spaced at a square with lower
corner at (—10, —10) and upper corner at (10, 10),

e Each ¥; is of the type UiT DU, where Uj; is obtained as one of the orthonormal matrices from the SVD of a random
Gaussian matrix U; and D is a diagonal matrices with entries (1,1/2,---,1/25).

We used a single draw of the aforementioned random numbers for all the experiments.

L.2. Sensitivity to initialization

Gaussian targets. This experiment isolates the effect of a controlled perturbation injected at an intermediate diffusion
time tpias € (0, 7] on the final generated sample, and studies how this effect varies with the perturbation time and the
perturbation magnitude.

Fix tpias € (0,7 and consider the backward reverse-time transition represented by the Markov kernel Qrz, .., together
with its numerical approximation Q.. obtained by time-discretization. We investigate whether we observe a robustness
behavior for the discretized reverse chain with respect to the true kernel by monitoring the discrepancy

W2 (ptbias QT|tb;aSaﬁtbias QT\tbias) = W2 (Trdata’ﬁtbias QT\tbias) :

We define a biased initialization at time tp;,sby applying a shift in a random unit direction w:
(i) _ () _
Kipiass A — Xtbias + Au, ”u” =1,

where u is drawn once per replication and A > 0 is chosen to control the bias magnitude. For each (tpias, A), We run an

Euler—Maruyama discretization of the reverse-time dynamics from time ¢p;,5 down to 7' and obtain samples )Acgf). We fix the
step-size to h throughout the experiment. A pseudocode of the protocol is given in Algorithm 1. On Gaussian targets, the
exact reverse semigroup admits closed-form expressions and satisfies a strict contraction in Wa, which provides a clean
reference behavior. The goal here is not to re-derive these formulas, but to assess whether the numerical reverse chain
exhibits the same qualitative robustness to perturbations.

Since the target is Gaussian, we quantify errors by the closed-form Gaussian W, (Bures) distance between the empirical
output (via its sample mean/covariance) and Tgat, = N (11, X). Each curve in Figure 5 is obtained by averaging over 5
independent replications and 30 000 points are generated for each bias at each perturbation time. We use for constant step
size and linear (non optimized) schedule with maximal value §p,,x = 20 and minimal value B,y = 0.1 in both the VP and
VE case. We use the forward-time convention: ¢ = 0 corresponds to Tqat, and ¢ = 7T to the noisiest level used to initialize
the reverse sampler. Across all covariance structures and for both VE and VP dynamics, we observe a clear forgetting trend:
perturbations injected at larger diffusion times (i.e., early along the reverse trajectory) are substantially discounted. This
behavior is consistent with the contraction/robustness mechanism established in the main text: the reverse-time dynamics
progressively contracts discrepancies as it evolves toward the data distribution.
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Algorithm 1 Initialization-bias robustness at time tnias € Tperturb-

1: Target distribution 7, forward SDE, reverse SDE discretization (Euler-Maruyama) with step size h, horizon 7T,
number of points to generate M, perturbation times Tperturb C (0, T, bias magnitudes A C R, number of replications

rep.
2: forr=1,...,repdo

3:  Sample a unit vector u(") ~ Unif(S?~1)

4:  foreacht € Tperturb do

5: for each A € A do _

6: Sample xgl) = my|o x((f) +0yoGW fori=1,...,.M

7: Set biased initialization x?ifs(i) +— xgi) + ) fori=1,...,M

8: Run discretization of the reverse dynamics from time £ to T with initial points {x 25"}
9: Obtain {ﬁéf)A}f‘il and empirical law 77/3¢
10: Compute Wg(t, A) +— Wy (ﬁ;’l}f, Wdam)

11: end for

12:  end for

13: end for .

14: Plot: foreach A € A, plot ¢ > 25 57/, WA (¢, ) (with + one std).

Mixture of Gaussian targets. The experiment is similar to the one for Gaussien targets. However, as there is no
analytical formula for the Wasserstein distance in this case, we employ the Maximum sliced Wasserstein distance (Max
SW) as in Kolouri et al. (2019, Section 4.3) using a total of 106 samples. The optimization procedure employs the Adam
optimization algorithm with learning rate 10~ and is stop when either the last optimization update is smaller than 10~7 or
the optimization has reached a total of 10 iterations.

In this setting, we consider exclusively the Variance Exploding framework and define for A € R, an initialization
perturbation of the type

X)E\Z));as,)\ = Xﬁgdb + Ugbias‘o)\umax
where up.x € Syg is obtained as the solution of the optimization problem for the Max SW distance for two sets of 2 x 10°
independent samples of pqa.ta. All the calculations have been replicated 20 times using different seeds and the reported
results consist of the mean and the standard deviations of those 20 replicates. For the scheduling, we used the scheduler
from Karras et al. (2022b, Equation 5) with N = 100, oin = 0.002, omax = 80 and p = 3. Results are reported in Figure

3 and Figure 1.

L.3. Sensitivity to approximation errors

This section describes a second numerical protocol designed to analyse the local-to-global error propagation predicted
by the stability results in the main text. Instead of modifying the initialization, we introduce a single local perturbation in
the reverse-time dynamics: at one prescribed time ¢, € [0, T], we perturb the score term used by the Euler—Maruyama
discretization, and we measure how the resulting output error depends on the location .., and magnitude of this perturbation.

Fix neyr € {0,--- , N — 1} and consider the Euler-Maruyama discretization of the reverse-time SDE on the uniform grid.

We run the reverse chains starting from the same terminal initialization xg) ~ Ts With the exact score function except at

the unique step corresponding to e, (i.e., ty,, ), where we replace the score by a perturbed version only at the step t,,_, .

Gaussian targets. We consider the following perturbation with « a random unit direction
A

T o]0

Stere (¥) = St (%) + u,

A pseudocode of the protocol is given in Algorithm 2. Once again, because the target distribution is Gaussian, we quantify
the output error using the closed-form Gaussian W, (Bures) distance between the empirical output distribution (via its
sample mean and covariance) and 74,t,. Repeating the experiment over independent replications (fresh draws of the terminal
samples and Brownian increments) yields mean and standard deviation curves as functions of ¢, and A in Figure 6.
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Figure 5. Sensitivity to initialization for isotropic, heteroscedastic, and correlated Gaussian targets. Curves report the mean over 5
independent replications of Algorithm 1 (T' = 1, M = 30,000, h = 2.5 x 10~ 3); shaded regions indicate +1 standard deviation across
replications. The horizontal axis is the forward diffusion time ¢. Each dotted point on the lines correspond to a perturbation time and the
bias magnitude corresponds to the choice of A.

Mixture of Gaussian targets. Once again, the experiment is simlar to the one for Gaussien targets. But with the use of
the Maximum sliced Wasserstein distance (Max SW). The rest of the conditions is similar to the previous experiment on
initialization bias. Also, in this setting, we consider exclusively the Variance Exploding framework and define for A € R
and a score perturbation of the type

A
Stcrr (X) = Stcrr (X) + 5 Umax (59)
Tterel0

where Umax € Sag is obtained as the solution of the optimization problem for the Max SW distance for two sets of 2 x 10°
independent samples of pqata. All the calculations have been replicated 20 times using different seeds and the reported
results consist of the mean and the standard deviations of those 20 replicates. Results are reported in Figure 4 and Figure 2.
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Algorithm 2 Local score-perturbation study (one-step score error at index ny;).

1: Inputs: target myaiq; reverse-time Euler—Maruyama sampler with step size h and grid {tn}
generate M error indices No,r C {0,..., N — 1}; magnitudes A C R ; replications rep.

e 0 ; number of points to

2: forr=1,...,repdo
3: Sample {x{"}M, ~ 1.
4: Sample u(") ~ Unif(S?~1).
5:  for each ner € Ny do
6: for each A € A do
7: Initialize x(*) «— x( ) fori=1,..., M.
8: forn=0,...,N —ldo
9: Euler-Maruyama update:
(1) 7 % [ 7
L1 x4 (@B x® 428,58 (xXO))h 4 /28, VRED €D ~ N(0,10),
with N
=) i i r .
ST—t"(X;)) — Sp_p, (x) + | I p u(”) fori=1,...,M.
0.0
10: end for 0
. ~ .« . 1 M
11: Let #nx n,, be the empirical law of {xN ity
12: Compute Wa (A, nerr) < Wa (TN X nere s Tdata)
13: end for
14:  end for
15: end for
16: Plot: for each A € A, plot t — & L Sorep )y, () (X, Nexr) (with = one std).
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§ 67 Bias magnitude g 8 Bias magnitude g 81 Bias magnitude
,g —— 10 g —e— 10 g —e— 10
3 41 20 56 20 3 61 20
-g —e— 50 -§4 —e— 50 -‘%4 —e— 50
© a2 821
Z \\; = Z \\vﬁ—.—._w
o~ 0, o~ 0 o~ 0, * >
0.2 0.4 0.6 0.8 1.0 0.2 0.4 0.6 0.8 1.0 0.2 0.4 0.6 0.8 1.0
Forward diffusion time t Forward diffusion time t Forward diffusion time t
Isotropic (VE) Anisotropic (VE) Correlated (VE)
g 0.7 Bias magnitude g 4 Bias magnitude § Bias magnitude
§0.6 —— 10 g —e— 10 §3, —— 10
5 20 53 20 5 20
-E,o.s —e— 50 § —o— 50 @2, —e— 50
%04 5
£ £, £17°Q
Z 037 N & -
02 0.4 0.6 08 1.0 02 0.4 06 08 1.0 02 0.4 0.6 08 1.0
Forward diffusion time t Forward diffusion time t Forward diffusion time t

Figure 6. Sensitivity to local score error for isotropic, heteroscedastic, and correlated Gaussian targets. Curves report the mean over 5
independent replications of Algorithm 1 (7' = 1, M = 30,000, h = 5 x 10~?); shaded regions indicate £1 standard deviation across
replications. The horizontal axis is the forward diffusion time ¢. Each dotted point on the lines correspond to a perturbation time and the
bias magnitude corresponds to the choice of \.
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