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Generative Modeling Framework

• D = {Xi}n
i=1 ∈ (Rd)n a collection of i.i.d. samples from an unknown distribution πdata.

• Goal: generate new samples from πdata.
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The Time-Reversal Perspective

Let pt be the density of the forward process

d
−→
X t = −−→X t dt +

√
2 dBt ,

−→
X 0 ∼ πdata.

Time reversal of diffusions
Fix T > 0, the backward process

(←−X t)t∈[0,T ]
L= (−→X T−t)t∈[0,T ].

is again a diffusion (Anderson, 1982) and solves

d
←−
X t =

(←−
X t + 2∇ log pT−t(

←−
X t)
)

dt +
√

2 dBt ,
←−
X 0 ∼ pT .

Ideal generative identity
Let QT be the Markov transition kernel of the reverse process:

QT (x , dy) = P(←−X T ∈ dy |
←−
X 0 = x).

Then time reversal gives
pT QT = πdata.

� This would be a generative model if we could sample from pT and knew the score ∇ log pt .
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Synthetic example: 2-dimensional mixture of 25 Gaussian.
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SGMs in practice: three approximations

� pT QT = πdata is almost generative, but . . .

1. Initialization
pT depends on the data. The
exact terminal law is
−→
X T

L= e−T−→X 0 +
√

1− e−2T Z

For large T ,

pT ≈ π∞ = N (0, Id)

πdata ≈ π∞QT

2. Score approximation
The reverse drift uses the
unknown score

∇ log pt(x)

In practice, learn

sθ(x , t) ≈ ∇ log pt(x)

πdata ≈ π∞Qθ
T

3. Discretization
The reverse SDE should be
discretized. Choose

h = T
N , tk = kh.

and apply Euler-Maruyama.

πdata ≈ π∞Q̄θ
T ,N

X̄ θ,N
k+1 = X̄ θ,N

k + h
(

X̄ θ,N
k + 2sθ(X̄ θ,N

k , T − tk)
)

+
√

2hZk+1 , X̄ θ,N
0 ∼ π∞ , Zk+1

i.i.d.∼ N (0, Id)

π̂θ
∞,N := π∞Q̄θ

T ,N
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1-d pathwise intuition
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All discretizations are coupled with the same Brownian path and h = T/N.
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2-Wasserstein Stability Theory

The W2 distance

W2
2 (πdata, π̂θ

∞,N) = inf
{
E
[∥∥∥−→X 0 − X̄ θ

∞,N

∥∥∥2
]

,
−→
X 0 ∼ πdata, X̄ θ

∞,N ∼ π̂θ
∞,N

}

Score approximation assumption
Assume that,

sup
0≤k≤N−1

∥∥∇ log pT−tk

(
X̄N,θ

k

)
− sθ

(
T − tk , X̄N,θ

k

)∥∥
L2 ≤ M .

Typical W2 bound

W2(πdata, π̂θ
∞,N) ≤ W2(L(←−X T ),L(X̄N)︸ ︷︷ ︸

Discretization

+W2(L(X̄N),L(X̄∞,N)︸ ︷︷ ︸
Mixing time

+W2(L(X̄∞,N),L(X̄ θ
∞,N)))︸ ︷︷ ︸

Score approx.

≤ e−T c1 + Mc2 +
√

hc3 ,

with T > 0 the diffusion time, M the score approximation quality and h = T/N the discretization step size. 4/14



Extending the Phase Space: CLD Noising

Kinetic idea
Augment the data space with a velocity:
−→
U t :=

(−→
X t−→
V t

)
∈ Rd × Rd , (−→X 0,

−→
V 0) ∼ πdata ⊗ N (0, Id ) .

• Noise is injected only through the velocity.

• Xt and Vt are coupled by the drift.

• Hypoelliptic structure !

Critically damped Langevin noising

d
(−→

X t−→
V t

)
=
(

0 Id
−Id −2Id

)
︸ ︷︷ ︸

A

(−→
X t−→
V t

)
dt +

(
0 0
0 2Id

)
︸ ︷︷ ︸

Σ

dBt .

Noising process comparison
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What makes a forward SDE a generative model?

1. Interpolation
It transforms data into an
easy-to-sample prior:

πdata −→ π∞.

2. Learnability
The reverse drift should be
learnable from samples i.e.

∇ log pt

should be learnable.

3. Sampling
The reverse dynamics should be
numerically simulable.

CLD forward process

d
−→
U t = A

−→
U tdt + ΣdBt ,

−→
U 0 ∼ πdata ⊗N (0, Id) .

−→
U t =

(−→
X t−→
V t

)
, A =

(
0 Id

−Id −2Id

)
, Σ =

(
0 0
0 2Id

)
.
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1. Interpolate between the data distribution and a prior

• The dynamics is linear on the extended space:
−→
U t = etA−→U 0 +

∫ t

0
e(t−s)AΣ dBs , pT ≈ π∞ = N (0, I2d) for large T .
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2. The reverse process can be learned

Time reversal on phase space

Let pt be the density of −→U t = (−→X t ,
−→
V t) ∈ R2d . Time reversal gives

(←−U t)t∈[0,T ]
L= (−→U T−t)t∈[0,T ],

and the reverse dynamics is

d
←−
U t =

(
−A
←−
U t + ΣΣ⊤∇ log pT−t(

←−
U t)
)

dt + Σ dBt .

Learning the phase-space score
As in standard SGMs, train a score network on corrupted samples:

LDSM(θ) = E
[∥∥∥sθ(t,

−→
U t)−∇ log pt(

−→
U t |

−→
U 0)
∥∥∥2
]

.

Since V0 ∼ N (0, Id) is known, we may marginalize over V0 and use the closed-form target

LHSM(θ) = E
[∥∥∥sθ(t,

−→
U t)−∇ log pt(

−→
U t |

−→
X 0)
∥∥∥2
]

.
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3. The reverse dynamics can be sampled

Numerical simulation

• Euler–Maruyama baseline.

• Splitting / kinetic integrators.

Takeaway
CLD keeps the SGM recipe, but changes the
geometry of the reverse sampler. Empirically,
this can improve generation quality.

Empirical comparison from (Dockhorn, 2022).
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Classical W2 contraction: reverse O.U. I

For the O.U. forward noising process, the reverse dynamics is

d
←−
X t =

(←−
X t + 2∇ log pT−t(

←−
X t)
)

dt +
√

2 dBt .

Synchronous coupling

Fix x , y ∈ Rd . Let ←−X x
t and ←−X y

t solve the same reverse SDE, driven by the same Brownian motion, with
←−
X x

0 = x ,
←−
X y

0 = y .

Set
Zt :=←−X x

t −
←−
X y

t .

The Brownian noises cancel, hence
d
dt Zt = Zt + 2∇ log pT−t(

←−
X x

t )−∇ log pT−t(
←−
X y

t ) .

Therefore
d
dt ∥Zt∥2 = 2∥Zt∥2 + 4

〈
Zt ,∇ log pT−t(

←−
X x

t )−∇ log pT−t(
←−
X y

t )
〉

.
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Classical W2 contraction: reverse O.U. II

Uniform log-concavity assumption
Assume that pT−t is uniformly λ-log-concave:

⟨x − y ,∇ log pT−t(x)−∇ log pT−t(y)⟩ ≤ −λ∥x − y∥2.

Equivalently, if pT−t is siffuciently regular,
∇2 log pT−t ⪯ −λId .

Therefore,
d
dt ∥Zt∥2 ≤ 2(1− 2λ)∥Zt∥2.

By Grönwall,
∥Zt∥2 ≤ exp{−2(2λ− 1)t}∥Z0∥2.

Consequence
If λ > 1/2, the reverse O.U. dynamics is contractive:

W2(µQt , νQt) ≤ exp{−(2λ− 1)t}W2(µ, ν),
where Qt is the reverse Markov kernel.
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Why the naive Euclidean contraction proof breaks for CLD

Consider two synchronously coupled reverse CLD processes and set Zt =←−U x
t −
←−
U y

t . For the reverse
dynamics

d
←−
U t =

(
−A
←−
U t + ΣΣ⊤∇ log pT−t(

←−
U t)
)

dt + Σ dBt ,

the Brownian noises cancel. By the mean-value theorem,

∇ log pT−t(
←−
U x

t )−∇ log pT−t(
←−
U y

t ) = H̄tZt ,

with H̄t an averaged Hessian of log pT−t . Hence
d
dt ∥Zt∥2 = −2Z⊤

t AZt + 2Z⊤
t ΣΣ⊤H̄tZt .

Hypoelliptic obstruction
Even if pT−t is log-concave, so that H̄t ⪯ 0, the term Z⊤

t ΣΣ⊤H̄tZt , is not necessarily nonpositive. Indeed,

ΣΣ⊤H̄t =
(

0 0
0 4Id

)(
Hxx Hxv

Hvx Hvv

)
=
(

0 0
4Hvx 4Hvv

)
only acts on the velocity directions.

� Euclidean synchronous contraction is not automatic in hypoelliptic phase space.
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Solution: Long-term regularity of the renormalized score

Idea. Introduce a renormalized formulation of the backward process:

d
←−
U t = Ã

←−
U tdt + ΣΣ⊤∇ log p̃T−t(

←−
U t)dt + ΣdBt , p̃t := pt

p∞
.

Key properties.

1. Ã is negative definite.
2. p̃t "quantifies" deviation from equilibrium p∞.
3. Its curvature ∇2 log p̃t characterizes the regularity of the score, for all t ∈ (0, T ],∥∥∇2 log p̃t(·)

∥∥ ≤ C
(

1 + 1√
t

)
e−2at = L̃t .

4. Recover a bound of the type, as for general SGMs

W2(πdata, π̂θ
∞,N) ≤ e−T c1 + Mc2 +

√
hc3 ,
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Kinetic contraction mechanism

Regularized score estimate
Under structural assumptions on the data distribution weaker than log-concavity, we proved

∥∇2 log p̃t∥ ≤ L̃t , L̃t ≲

(
1 + 1√

t

)
e−2t .

The singularity at t = 0 is integrable and the large-time behavior decays exponentially.

Weighted contraction
There exist a positive definite matrix M and η > 0 such that, for the synchronous difference,

d
dt ∥Zt∥2

M ≤ 2Z⊤
t MÃZt + 2Z⊤

t MΣ2
(
∇ log p̃T−t

(←−
U x

t

)
−∇ log p̃T−t

(←−
U y

t

))
≤ 2(−η + σ2L̃t) ∥Zt∥2

M .

Hence, by Grönwall, there exists C ≥ 0 such that

∥Zt∥2
M ≤ e−2ηt+σ2

∫ t

0
L̃s ds ∥Z0∥2

M

≤ Ce−2ηt ∥Z0∥2
M ,
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Solution 2: restore ellipticity

Idea
Inject a small amount of noise on all coordinates:

Σε =
(

ε 0
0 σ

)
⊗ Id , ε > 0.

Consequences

• Uniform ellipticity: full phase-space noise.

• More quantitative bounds: standard log-concave tools apply.

• Practice: ε is an extra parameter controlling path regularity.
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Numerical aspects

Empirics: Funnel dataset, d = 100

• Small ε > 0 can improve sliced-W2 compared with the CLD baseline (ε = 0).

• There is a trade-off with the other model hyperparameters.
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Funnel distribution
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